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CRYPTOREALITY OF
NONANTICOMMUTATIVE
HAMILTONIANS

Noncommutative theories: [z,,2,] = w,,
Star Product:

F@)a(o) = fasg(o) = exp {52 22 faigty

=y

then

e NC Lagrangians

A/¢3(x)d% —>A/¢*¢*¢d%



o Superspace: (x,,,0q,0%), grassmanian 0, 0.
e superfields: ®(x,,,0,,0%) B
e SUSY Lagrangians: S = fd4xd29d2¢9F(<I>i)

NAC theories: {6,6} #0

Example: NAC Wess-Zumino model
(Seiberg, 03)

e deformation:

[0°,0°) = C*F (6% 0°) = {9~,0°} =0



e star product:

af 2
X(0)xY(0) = eXp{—CQ 893895})((91)3/(92)

1=2
e Lagrangian:

L — /d49c1>*<1>+ Ud29 (mq);q) + )‘q)*gq)*q)) —I—C.c]

e only the last term is deformed
A 20 &3 2 2 A 3
3 d°0P° — [ dO0DP+xDxD=\F¢ —gdetHC’HF .

e Lorentz invariant, but complex

Does it mean anything in real time 7



YES |

e The Hamiltonian is Hermitian in disguise
(cryptoreal).

Cryptoreal Hamiltonians

(M.Gasymov, 80 (V(z) = e**); C.Bender +
S.Boettcher, 98; A.Mostafazadeh, 05)

Example:

2 2 2 12 2
pT+x . pTtx g
5 +1gx = 5 + 5

H =

with 2/ = 449 = e~ 9Pze9”. Then H = e~ 9P He9?

1s Hermitian.



Example:

2 | .2
H = P + igx® .
2
Take
2 64 20
R=yg (§p3 + :v2p) — g (Bp5 + 5p'a? + dpa Gp) +0(g°) .
Then
~ 2 2 3 4 1
e ;x +9g° (3p2x2 + % — 5) +0(g")

1s Hermitian.
e New coord. and momenta;:

p = ef'pe™ = p 4 2igxp + g2(2p3 — pa?2) + ...
v’ =eflee ™ = o —ig(a? +2p%) — g% (2 — 2xp?) + ... .



e {p/, 7'} p.p. # 1starting from the terms ~ g*.
Not a canonical transformation !
e Weyl symbols:

rp — (pr + zp)/2,
22p — (2P + pa? + xpr) /3 ...

Example: H=mam+2zz+ 923

Take
R=—ig (72" + 37" ) .

Then [:I = eRHe_R = 7rT+ z2.

e Holomorphic deformation is rotated away with-
out trace !



NAC SQM

(Aldrovandi + Schaposnik, 06)

S = —/dtd@d@ B(D*X)*(D*X)qLV*(X) :

e X - real supervariable
e x corresponds to deformations

(6,6} =C, {,0y=C, {6,6) =C

o V.(X)=) cn(XH*...5xX),.
e Lifting deformations — Witten’s SQM in chi-
ral basis,
0 _0 = 0

t:T—ZHH,D:%—QZHE, D:—a—e—



Lagrangian in components.

~

. 2 ¥ —
L = —ixzF — 8V(x’F)F—|— 1FQ + iy + o V(x’F)WP,
ox 2 Ox?
with
- 1/2 - _
Viz,F) = / dEV(x + &cF) =C*-CC .
—1/2

(cf. Alvarez-Gaume + Vazquez-Mozo, 05)

e Lagrangian and Hamiltonian are complex.
e Supercharges:

0o = 0 0

Q:@a Q:_(?_H__Qwa

e « product commutes with (), but not with Q.



e Only one obvious Nother supercharge

Q = Yp
e But

. _ oV
Q =Y <p + 275—) .
ox
also commutes with the Hamiltonian !
e Algebra
02=0%=0. {Q, 0} =2H
holds



Cryptoreality of H

Let V(X) = AX3/3. Then V(z, F) = Az /3 +
Ac*zF? /12 and

H = p?/2 4+ i\px? — iBp? — 2 zep , with
B = Ac?/12

e Rotate i1t with

R = —z®/3 + Bap® — 2ABa* ) — 268°p*Pnp + O(N%, B, \° B, AB?) .

e The conjugated Hamiltonian

~

H=c"He ™™ = p?/2 — 2 zpyp + [N22* +38°p*]/2 + A\3/2 + ...

1s Hermitian.



e rotated supercharges:

~

Q = Qe = plp—i(Ax® — Bp?) + A\Bap + 2% + .. ],

~

Q=e"Qe™ = y[p+i(A\a® — Bp?) + \Ba"p + B7p° + .. ].

are adjoint to each other.



Field Theories

e deformed WZ. Extra holomorphic piece ~ F'3
is rotated away without trace ! Physically equiva-
lent to undeformed theory.

NAC N =2 SQED

e deformation:

1
{97;0‘,0]@} — ZJGO”B%' ;

e Lorentz symmetry is preserved.



e Lagrangian in components

(Ferrara et al, 05 Buchbinder et al, 06)

£:£¢+£\Ir+£A,

1 - JAnAm 130,000
L4 = —=-[] L !
? ¢P+ 1+Jo 4 1+L¢]’

2

T TAn (02T T’
Lo =i |Tie o DO | —i— |,
v Z[ T g ](0)a5 <1+J¢>

La =300+ 7 (Funfoun + i)

fmn — am ( ! —An> — an <#—Am> .
1+ Jo 1+ J¢

e complex, but probably cryptoreal.




QM limit

N Pt P?
H=2PP+-EE+=J* _ —2J%A2 .
2 3 (14 Jo¢)? (1+ Jo)?

e Rotating it with

1 J3P3 5
= 0

J¢

we obtain undeformed quadratic Hamiltonian

JP
1+Jo’

B
H:2PP—|—§EE.

e Our bet: deformation of N' = 2 SQED field
theory gives a nontrivial interacting theory with
cryptoreal Hamiltonian.



