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Effective-mass (EM) eigenvalue equation
(in one dimension)

Hen ()Y () = [Teu(7) + Veu(2)]Y(7) = @f’(m)‘

Veu(7) — Local potential strength

Teu(x)— EM Kinetic-energy operator (KO)

1
= px) = —fﬁ—; and m(x) do notcommute
(Lr

= An ambiguity arises in the representation of 7zy(x)



Some forms of T (x) Contexts & Refs.

| Space-Charge effects on electron
e tunneling in semimetal & semiconductor
- junctions [ Phys. Rev. 152 (1966) 683]

1 ) , 1 Transport in graded mixed semiconductor
im(z)’ TP 4m(x) [Phys. Rev. 177 (1969) 1179]
1 o1 Interface connection rules for wave

3. n° : - :
2/m(z) m(r)  functions atan abrupt heterojunction

o between two different semiconductors
[Phys. Rev. B27 (1983) 3579]



General two-parametric representation of KO

[ Phys. Rev. B27(1983) 7547 ]

1
Tevw(z) = y (m pm"pmS + mSpmp 7?25)
§+n+¢=-1
p%j(m) 2 E=(C=0,n=-1

4m( )} +} 43??() 5__132_C_“

1n=0



Final form of EM Schroedinger equation

In the atomic units defined by /2 = 2

e’

Hou()(2) = [~0(-0) + Vaul)]0(2) = e(2)

1l

Veu() = V() + p(m)

1 +nm” m'?
S 4+ E(E+n+1)

p(m) =

m2 m3



Supersymmetric approach

H, = {Q. 0"}, 0> =0" =0
[Q Hs] — [421 Hs] =0

0 0 . (0 Af - (H, 0
Q:%é §l42—(§ 0)~}ﬂ_(0 f{)

H+MAa(i@)+v¢m,

m

=)

HAA*a(ia)+quy

m



Intertwining relations

\Am — H_A. H A = ATH_. \

‘ | E::_+l 1/;;(%) — Atf"ﬂ:ﬂ(x)-‘- EH_ — E:H-‘-
VE; Yr,(x) =AY, (x), Ej=0.

Vo(x) = Vem(x) — e, e <E;j=0
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Representation of ladder operators
First order representation Is not unique

A =

A=

A=
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Final form of EM partner potentials

vV — W? i (x) 1 A= | o+ W
+(X) = 1(X) Vm(x) (t
W' (x) ] -1 7"

V_oix)=V,.(x)+2

Vm(x) vVm(x) [ /m(x)
Zero-mode states
W (x) o exp [— / vm((t)W(T) dr-|
W, (x) o</ m(x)exp / vm((t)Wi(r)dr




* We now allow the superpotential to be complex

e Consequently, all the operation of
hermitian-conjugation will be replaced by
transposition

W(z) = f(z) +ig(z) fg:R—-R

V,(x) = f - (\/%) +1 (2fg — (%)

V_(z) _fQ o [ f 1\ 1 1\
_(X) = — g~ —

| '. 7 / . (}" -
Al (F) e




e Our strategy Is to force one partner potential to be
strictly real, while other will remain complex.

Suppose now V_(x) is real

—> (5_’)2@0

Solutions :
f#g: glx) = A/m(x)exp / f(r m T)
m(x)
f=g:9) =

A+2 [Tm(r)dr




e Thus if V_(z) is known. then we have a new

complex potential with real spectra.

o Vila)=f2—g*— (f/vim)

o V() = [Vila) +2f'/vm) — (1/v/m)"/ /|
+1[2¢'//m]

e 1o solve the spectral problem for H, (x), we may

use well-known method of

point-canonical transformation



Mapping to constant-mass problem

_ | -
H+(;1’_f)'¢!+(;1ff) — —3 (—3) -+ ‘1_ (;IT) — E+ 'L‘f—-’+(;'1’.f) —

T

Z = / vm(t)dr, YT (z)= [-n'z*..(;rf)}_u L (x)

= o :
V) - B () =0
~ T m” (z 7 m?(x
Vi(z)=V -+ (2) ? 2( ) - 3( )
dm=(z) 16 m>(x) | _,




A simple example for f =

e In this case W(x) = iAy/m( Vi(x) = —=Xm(x)

e Above relation between potential and mass may be

exploited to get a solvable problem

For example, choose the following mass function
and the superpotential
(z) 1 - 0
mi\r) = —; — ey i
a?(1l 4 x?)

;u+a/2
\/l+r ?

Wi(r) = >0




Corresponding constant-mass equation

T V()= B v = 0
(132 | +( f") ,)\.n. (”‘/") _ ?
~ o ;
Vi(z) = yun (g + a)sech®az
~ @2 :
Ef(2) = il (n—na)?, n<[p/a

123 _E_l)
o oc?('

L |
2’ i sinh a2)

Vi) = s (a) P

e Note that the ground state g (z) does not correspond the
zero energy state of EM Hamiltonian H,.

e This implies that both partner Hamiltonians are strictly
isospectral, though the SUSY 1s unbroken due to the existence

of both vacuum. This type of peculiarity 1s known for
constant-mass P7 -symmetric problems.



Wave functions and spectra of H(x)

4+ a/2)? ;
X/?Jr(il‘-) = — (ﬁ1+—|f%f1/~2 ) ) 'T??.-(:I?-) = 1/“—1’2(1 + 11?2)

| o
Ui (x) o< exp [z’ (ﬂ + )) tanl;r] : Ear — 0, Et 11 = I—(ﬂ.—nr_}')g

(v Z
i

v () o (1 +:132)—(2;1.+a-);4a P_}E a2 z)(im)

plpta)+ Ha? /4 L et o)

Target potential : V_(z) =
getp (@) 1 4 22 “ 1+ 22
o Py 1 3
o (x) o (142%) 7% exp [3 (; + 2) tan 1217] V(@) X A-?;'i';:Lrl(iE)a
d i+ a2
E- = FET. A=avl+r2—+
n n i ;—1 n :1:2

Property : Vi(—z) = Va(z), (;)) (=) = ¢, (2)



We have thus obtained following new class of P7-symmetric

potential and mass with real spectra

N T L , ry — 1
Vix) = a2 RTI e m(x) = a2(1 + 22)

e [s there any restriction between the parameters for the existence of

real spectra’?

e 1o answer this question, 1t 1s convenient to look mto the
corresponding constant-mass P7 -symmetric potential

2
— : a
7 A —_— I“‘-’ 1 ] 2'.—*—" -+.M 4 ] g 'a TR .M —_— - —_—
V(z) = —mysech®az — ingsechaztanhaz, 1 = — L=

e Note that for this potential, 1t 1s well-known that
[Phys. Lett. A 282 (2001) 343] the coupling constants must

satisfy following inequality to keep P7-symmetry unbroken




2
N X as
72| < 1+ 1 m >0

e Hence, for our P7-symmetric EM Hamiltonian,
corresponding condition reads

2] <My, >0

Note that for the present example, this restriction is trivially true.
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