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Special case of J-self-adjointness [Edmunds, Evans 1987]

H*=JHJ
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where J is a conjugation operator: {

Example: H=-A+V in L*R") with (PT)V =V (PT)

Then H*=THT (TY)(z) := ¥(z)

Fact. Let H be densely defined, closed, J-self-adjoint operator in a Hilbert space.
Then the residual spectrum of H is empty .

{\| H — X is not injective}
N.B. { oc(H)={X| H— Xis not surjective & R(H — \) is dense}
{N| H— Xisinjective & $R(H — A) is not dense}

Proof. AN€o,(H) & Ae€o,(H*) & A€ o,(H) g.e.d.
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P7T-symmetric waveguide
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%—I—ia(:cl)w:() 322
d —Ayp = A
-~ e >
g—:f —ia(x1)yY =0

M= L2(Q), Q:=R x (0,d)

Hob = — A, D(H,) := {wewm(a) Byth +iath = 0 on 89}, a:R—R

Theorem. Let a € WH*(R). Then H, is an m-sectorial operator satisfying

H=H_ ,=TH,7 (7 -self-adjointness)

Corollary. o,(H,) =92

Remark. Schrodinger-type operators in bounded domains with non-Hermitian boundary
conditions studied by [Kaiser, Neidhardt, Rehberg 2003].



Unperturbed waveguide

a(xry) = aq

Theorem. | o(H,,) = 0c(Ha,) = |13, 0) where 1 := min {|ayl, 7/d}.

2

d=r)

0.5 1 1.5 2 2.5 3 %



Unperturbed waveguide

a(x1) = ag

Theorem. | o(H,,) = 0c(Ha,) = |13, 0) where 1 := min {|ayl, 7/d}.

2

1
0.8
0.6
0.4
Proof (“separation of variables™) . 0.2
005 1 1.5 2 2.5 g3 %o (d=7)
_ R (0,d)
0(Hao) = (=A%) + o(=Aa;")
= [0,00) + {ag}u{(m/d)*} [D.K., Bila, Znojil 2006]

= |ud, o) g.e.d.



Unperturbed waveguide

a(x1) = ag

Theorem. | o(H,,) = 0c(Ha,) = |13, 0) where 1 := min {|ayl, 7/d}.
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_ R (0,d)
0(Hoy) = (=A%) + o(=Dag )
= [0,00) + {agyu{(n/d)}_, [D.K., Bila, Znojil 2006]
= |ud, o) g.e.d.
Notation. 4 := max {|agl,7/d}, p;=gmr/d for j>2

ey .
W5 (w2) = cos(pw) — i — sin(u;ws)
J
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Stability of the continuous spectrum

Theorem. Let a —ag € Co(R) NWH(R). Then| oc(Hy) = |ud, 00).

Proof. Yz € p(H,) Np(Hy,), (Hy—2)"'—(H,, —2)"!' iscompact g.ed.

i Reality of the total spectrum ?

Theorem. Let a € Ch(R) NWH>°(R) be odd. Then| o,(H,) C R.
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Weakly-coupled bound states

Im

a(r1) = ag + < B(z1)
e — 0+ SRS Cg(R) [\
O }Lg “%) Re

Theorem( || < w/d).

1. ap(f) <0
2 ap(B) >0
3. ag =0

4. (B)=0 & 7>0
5. (8)=0 & 7<0

WA =p2 -2+ 0(%) eR

I

Theorem( || > 7/d).

1. 7>0 = A\ =pi—-e?+0(" R
2. 17<0 — no

_ /R B(x1) da



The mysterious T

T =17(8,d,ap)
( > 2 > a d-+ qm _ T
200 (g + Z 32 2 L > J if  |ag| < y
< =1 T
T =
2072 cot O‘Od 13 5’023 _ T
(Bu1) + J if |ao| > =
\ (i — Mo)d3 '+ (17 — pg)d Z d
where
( 1 , , , P
5 [ - 218t aa =0
R
’Uj(ﬂ?l) = <

eVl TRl gy daf i > 1

1— /
/2 2
\2 pi — ph 7R

. 2 2 L .
are the solutions to —v7 + (u5 — pg)v; = 6 in R.

Proposition. If 0 < ag <n/d, (8) =0 and supp( is wide enough , then 7 > 0.



Eigenfunction asymptotics

Theorem. If a weakly-coupled eigenvalue \. exists, the associated eigenfunction W,
can be chosen so that it satisfies

1| W (x) =9Yg°(z2) + O(e) | in W22(QN{x: |z1] <a}) foreach a >0,

2. | W, () = e” VHoAl@1l 400 (10) 4 O(e= VHo—A<lm1l) | as |21 — oo
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Summary :

— non-Hermitian P7 -symmetric model with both the point and continuous spectra
— the residual spectrum is empty

— the continuous spectrum is real

— the weakly-coupled eigenvalues are real

N

the total spectrum is real under additional symmetry condition
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N
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Open problems:

reality of the spectrum without the additional symmetry condition ?

-

; non-perturbative proof of the existence of the point spectrum ?
i numerics ?

i phenomenological relevance ?



