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A two-mode Bose-Hubbard system
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A = &(i) — i) +v(a]ay + asay) + (] +73)

on-site . Qi
tunneling  °on-site
energy iInteraction

Bose-Einstein Condensate
In a double well trap

experiments (M. Oberthaler et
al.):

= Josephson-oscillations

= Self trapping

Albiez et al.. Phvs. Rev. Lett. 95. 010402 (2005



A two-mode Bose-Hubbard system

A = (~iy+e)(ay — ) +v(@]ar +aa) +c (Af +3)

on-site tunneling  °on-site
energy interaction
non-Hermiticity 1 )

Modelling a sink in one of %2
the wells, a source In the
other

M. Hiller, T. Kottos, A. Ossipov, Phys. Rev. A 73, 063625 (2006



Outline

e The hermitian Bose-Hubbard model:
many-particle and mean-field
Self trapping transition
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Many-particle Hamiltonian

ot

n A AT A AT A C /. A \2
H = e(iy — fiz) +v(a1a2 +ayar) — = (1 — o)

Jordan-Schwinger transformation:




Mean-field / classical approximation

Replace operators by c-numbers:

it — VNt a; — VNap; Ns=N+1

Attention: Start from a symmetric representation
1/~TA ~ 2
3(@la; + ajzal) — Nslyj]

single particle wave function

y(x,t) = y1(t)o1(x) + ya(t)Pa(x)




Meanfield dynamics

Hamiltonian — Classical Hamiltonian function

H = e([v1]? = e2l?) + v(Wiva + v3u1) - SNe (] - val?)’

Canonical eguations of motion: \ v J
K

ﬂwj 8;/;* |7'u/)* = a%

Nonlinear Schrodinger equation

mg ()= (= Ln ) ()




Mean-field Bloch representation

i

1 Lo X
Ly = (a alay +abay) o= 5 (Wi +¥5¢1)
.1 1. . X
Ly, = 5(af{a,, —abar) by =5 (V2 — ¥5v)
~ 1 1, . *
L.= 5(anaL —aban) L= (¥ v — ¥5y2)

Equations of motion:

d. _ .~ - d .



Nonlinear Bloch equations

d
—, = —2¢l 2¢Nglyl
It 1) Y sbylz
d
—ly — 2€l;g — 2'Ulz — 2CN5l$Zz
dt
d
—I[, = 2uvl
dt ~ i
Constant of motion: normalization o [1\2
>7=5)

—> motion restricted to a sphere



Classical phase space
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Above a critical interaction strength: Selftrapping




Classical phase space

[ Vi=pPeos@) )

New representation: = k V1 = p2sin(g) )
p/2
c < ’U/Ns c > ’U/NS
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Mean-field energies

 Mean-field energies: stationary values of the
Hamiltonian function

e Depending on the interaction strength: 2 up
to 4 stationary points for each parameter set
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Eigenenergies for N=10 particles




Eigenenergies for N=10 particles

c = v/Ng
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Eigenenergies for N=10 particles

c > v/Ng
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Exact, classical and semiclassical
eigenvalues for N=10 particles

c < v/Njg c > v/Ns

E. M. Graefe and H. J. Korsch, arxiv:quant-ph/0611040, submitted to PRA
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A non-Hermitian Bose-Hubbard system

T
~ ———

A = (e —iy)(Ay — i) +v(alar +abay) —

7T . Complex conjugation
P : Interchange modes 1 and 2

e c = 0: H is P7T symmetric

e Eigenvalues for vanishing interaction: ¢ = 0O

En=En—ilp=(2n—N)\Jv2—~2, n=0..N




Eigenvalues for N=11 particles

c=20 ©




The non-Hermitian mean-field system

Replacing ladder operators by c-numbers

al — VN aj — VN (“’f" +ajal) — Nl

yields a Hamiltonian function
H = (e — i) (Y191 — Yovv2) + v(P1v2 + ¥o91)

Bloch representation:

- (WIL;|W)

il = ey T




Mean-field Bloch representation

I w)
5 ="

sl

_ (192 +9¥31)

SR U DU lo =
L = 5(a a2 + a3a1) 2 (i1 + U3o)
-~ L, 4. 1. 1 (2 — ¥391)

Ly=—- _ ly =
y zli(“1“2 20 S+ )
I, = E(aﬂial _ agg@) L — 1 (P11 — ¥392)
2 (i1 + P3i)

Equations of motion?



Many-particle and mean-field
eqguations of motion

In the hermitian case:

de .o d :
%Lj — I[H, Lj] B &l‘j — [{%,lj}wjjw;

Now:

£<w|ﬁ|w> = (W|A'F — FA|V)
d — Of OH*  Of OH
S o= iy SO oL
dt k 8?,0k, a’ﬁbk 6"70}86'%5;;;



Non-Hermitian Bloch equations

d(W|Llwv)y 1 d, - (W|L; W) d
i = >(tﬁ<w|LJ|w>— ) dt<w|w>)

dt (W|w) (W W

Yields:

(EJ:) = 4v(Lz)(L) iw = 4ylgl,

(Lz) = 2v(Ly) — 4y ((La)® + (Ly)?) 1. = 20ly — 4y(12 + 12)

The mean-field approximation is exact if ‘H is linear.



Mean-field dynamics

v = 0.5v 0.5,
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Mean-field dynamics

v = 1.bv
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Eigenvalues for N=11 particles




Eigenvalues for N=11 particles
c = 0.1/N5g “T




Eigenvalues for N=11 particles
c = 0.5/Ng “l




Eigenvalues for N=11 particles

c = 1/Ng “l




Eigenvalues for N=11 particles

c = 2/Ng °

10




Eigenvalues for the asymmetric case
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Conclusion

e The mean-field system is a classical
approximation of the many-particle system.

e Effective non-Hermiticity leads to bifurcations
of the resonances.

e The bifurcations are accompanied by
symmtery-breaking of the wavefunctions.

e The non-Hermitian mean-field approximation
IS exact for vanishing interaction.

e Introducing an interaction the resonances
bifurcate in pairs.

e Introducing a non-Hermiticity reduces the
critical interaction strength.
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