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A two-mode Bose-Hubbard system

experiments (M. Oberthaler et 
al.):

•Josephson-oscillations
•Self trapping

Albiez et al., Phys. Rev. Lett. 95, 010402 (2005) 

Bose-Einstein Condensate 
in a double well trap

on-site 
interaction

on-site 
energy tunneling



A two-mode Bose-Hubbard system

non-Hermiticity

on-site 
interaction

on-site 
energy tunneling

M. Hiller, T. Kottos, A. Ossipov, Phys. Rev. A 73, 063625 (2006)

Modelling a sink in one of 
the wells, a source in the 
other
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• The hermitian Bose-Hubbard model:
many-particle and mean-field
Self trapping transition

•The non-Hermitian case:
The limit of vanishing interaction

•Interaction and non-Hermiticity:
bifurcations of resonances
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• The hermitian Bose-Hubbard model:
many-particle and mean-field
Self trapping transition

•The non-Hermitian case:
The limit of vanishing interaction

•Interaction and non-Hermiticity:
bifurcations of resonances
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Many-particle Hamiltonian

Jordan-Schwinger transformation:



Mean-field / classical approximation
Replace operators by c-numbers:

single particle wave function

Attention: Start from a symmetric representation

with



Meanfield dynamics

Classical Hamiltonian functionHamiltonian

Canonical equations of motion:

Nonlinear Schrödinger equation



Mean-field Bloch representation

Equations of motion:



Nonlinear Bloch equations

Constant of motion: normalization

motion restricted to a sphere



Classical phase space

Above a critical interaction strength: Selftrapping



Classical phase space

New representation:
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Mean-field energies
• Mean-field energies: stationary values of the

Hamiltonian function
• Depending on the interaction strength: 2  up 

to 4 stationary points for each parameter set
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Eigenenergies for N=10 particles
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Eigenenergies for N=10 particles
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Eigenenergies for N=10 particles
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Exact, classical and semiclassical
eigenvalues for N=10 particles
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E. M. Graefe and H. J. Korsch, arxiv:quant-ph/0611040, submitted to PRA 
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• The hermitian Bose-Hubbard model:
many-particle and mean-field
Self trapping transition

•The non-Hermitian case:
The limit of vanishing interaction

•Interaction and non-Hermiticity:
bifurcations of resonances
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A non-Hermitian Bose-Hubbard system

Complex conjugation
Interchange modes 1 and 2

• is symmetric

• Eigenvalues for vanishing interaction:



Eigenvalues for N=11 particles
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The non-Hermitian mean-field system
Replacing ladder operators by c-numbers

yields a Hamiltonian function

Bloch representation:



Mean-field Bloch representation

Equations of motion?



Many-particle and mean-field
equations of motion

In the hermitian case:

Now:



Non-Hermitian Bloch equations

The mean-field approximation is exact if is linear.

Yields:



Mean-field dynamics
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Mean-field dynamics
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Self trapping transition
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The limit of vanishing interaction
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Eigenvalues for N=11 particles
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Eigenvalues for N=11 particles

−2 −1 0 1 2

−20

−10

0

10

20

γ

Γ n

−2 −1 0 1 2
−15

−10

−5

0

5

10

15

γ

E
n

−2
0

2 −10
0

10

−20

−10

0

10

20

E
n

γ

Γ
n



Eigenvalues for the asymmetric case
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Conclusion
• The mean-field system is a classical

approximation of the many-particle system.
• Effective non-Hermiticity leads to bifurcations

of the resonances.
• The bifurcations are accompanied by

symmtery-breaking of the wavefunctions.
• The non-Hermitian mean-field approximation

is exact for vanishing interaction.
• Introducing an interaction the resonances

bifurcate in pairs.
• Introducing a non-Hermiticity reduces the

critical interaction strength.
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