
General Complex Hamiltonian 
for Harmonic Oscillator

Prof.: Yang, Ciann Dong (楊憲東)
Student: Han, Shiang Yi (韓相宜)

2007/07/18

Institute of Astronautics and Aeronautics
National Cheng Kung University, Taiwan



Introduction

• Introduction of Quantum Hamilton Mechanics
• Intrinsic Hamiltonian 
• Complex Trajectories of Harmonic Oscillator
• General Hamiltonian for Harmonic Oscillator
• Complex Energy
• Summary & Conclusions

Complex Mechanics Research LabNCKU IAA



2
2i

2
V

t m
ψ ψ ψ∂

= − ∇ +
∂

h
h

Transformation i / ,  or lnSe S iψ ψ= = −h h

Quantum Hamilton 
-Jacobi Equation

21 i 0
2 2 S

S V
t m m =∇

∂ ⎡ ⎤+ + + ∇ ⋅ =⎢ ⎥∂ ⎣ ⎦p
p ph

( , , ) 0S
S H t
t =∇

∂
+ =

∂ pq p

Quantum Hamiltonian 21 ( ) ( ( ))
2

H V Q
m

ψ= + +p q q

Quantum Potential
2( ( ))

2 i 2 i
Q S

m m
ψ = ∇⋅ = ∇q ph h

2
2 ln ( )

2m
ψ= − ∇ qh

Schrodinger Eq.&&

Quantum Hamilton Mechanics

NCKU IAA

Intrinsic Hamiltonian
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Quantum Potential in Complex Space
• A quantum state ψ determines a 
quantum potential Q (Q (ψψ)) which which 
governs particlegoverns particle’’s quantum motions quantum motion

Complex Quantum Potential is 
determined by Schrodinger Eq.

quantum force = 
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Even for free particle (free from external 
force), the quantum force is not zero. 

Quantum force is intrinsic 
and state-dependent.

The slope is  
quantum force
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Dynamic Representation of 
Quantum State Ψ

A quantum state
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● Sψ is the dynamic representation of  the abstract

ψ

ψquantum state

● Serve as probability density function

has two physical meanings:

● Represent a dynamic system:



Quantum Mechanics Quantum Hamilton 
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The Origin of Quantum Operator
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In quantum mechanics, we have       , but do not have         . Without the 
connection to      , the origin of      is rather obscure. 

Q̂ Q
Q Q̂

Till now, no formal proof is given to the quantization axiom ˆp p i→ = − ∇h
In complex mechanics, quantum operators arise naturally.
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Quantum Harmonic Oscillator
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Quantization of Action Variable
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The action variable  evaluated along any closed eigen-trajectory of 
harmonic oscillator satisfies the Sommerfeld-Wilson quantization rule 
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The Origin of Quantization



General Hamiltonian for Harmonic Oscillator
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Shift-Invariant Trajectory

• PT symmetric Hamiltonian
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• Non-PT-symmetric Hamiltonian

Complex Mechanics Research LabNCKU IAA

2 2
U -H p x ix x= + +

( ) ( )U - / 2+1 2  
 trajectories shift to 1/ 2 on real axis 

     and - / 2 on the imaginary axis

x x i

i

τ τ=

⇒

Eigenvalues: ' 2 2 1 2n nE E i n i= + = + +

( )22 2 2
U,n U U U U U U- 2 -1/ 2 2= 2H p x ix x p x i i i= + + = + + + +H

( ) ( ) 2
U-( / 2) / 2

U,n U U' ' / 2 x i
n nx C H x i eψ += + -1,  1b i a= =

- 2 - 1 / 2  shiftb a i= +

( )

( )

U, UU

U

U U

ln
EOM: -

0 :  / 2 -1/ 2

nd xdx i
d dx

n dx d i x i

ψ
τ

τ

=

= = +

XR

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 2.0

XI

-2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

Comple trajectory of                     
Complex trajectory of 
Equilibrium point of 
Equilibrium point of 

2 2x p ix+ +
2 2x p+

2 2x p+
2 2x p ix+ +



Rotate-Invariant Trajectory

• PT symmetric Hamiltonian
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Stretch-Invariant Trajectory

• PT symmetric Hamiltonian
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Complex Energy

• A system’s total energy becomes complex when it has 
complex eigenvalue

• Consider the state transition of harmonic oscillator
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• The equations of motion for this state transition process

• The overall time history of total energy 
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Summary & Conclusions

• An intrinsic complex Hamiltonian and its related 
complex Hamiltonian equations of motion arise 
naturally within every quantum system.

• equation is just an expression for the total 
energy conservation of the accompanying intrinsic 
complex Hamiltonian.

• The PT-symmetric and the non-PT-symmetric complex 
Hamiltonian can be unified into a general class of 
complex Hamiltonian.
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Summary & Conclusions
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There is a general complex Hamiltonian for harmonic oscillator:



Summary & Conclusions

• When viewed from the complex domain, the boundary 
between Hermitian system, PT-symmetric system, and 
non-PT-symmetric system disappears.
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Hermitian System Real      and real  E

PT-symmetric System Imaginary      and real E

ψ

ψ

Non-PT-symmetric System Imaginary      and imaginary Eψ



Summary & Conclusions
• Their quantum trajectories and eigenfunctions can be 

made coincident by linear coordinate translation.

• One can obtain the eigenfunction and eigenvalue for a 
quantum system without solving the                  
equation.

• The identical quantum trajectory can be obtain under 
linear coordinate transformation in complex plane.

• Complex energy has real physical meaning, however, 
the real energy reflects the eigenvalue of the system, 
only a small part in it.

Schrodinger&&
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Thank you very much

Have a nice day!!
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