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Quantum Hamilton Mechanics
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Quantum Potential in Complex Space

¢ A quantum state @ determines a The slope is 22 +1-2,
quantum potential Q (¢) which quantum force
governs particle’s quantum motion

guantum force =
derivatives of Q( ¥

= __ QW)

X a Complex Quantum Potential is
X determined by Schrodinger Eq.

0
F = — Q(l//) Even for free particle (free from external
/ @y force), the quantum force is not zero.

Quantum force is intrinsic
F = — 5Q (W) j> and state-dependent.
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Newton Law in Complex Space
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Complex Force Applied O X
F=F +iF, Potential R

"o Particle’s trajectory X (t) +1X, (t) is on complex plane.
| ® Only the real part X, (t) can be measured.

o X.(t) iscoupledto X, (t) insolving the complex ODE.
_® Xg(t) is measured under the influence of the unobservable X, (t)




Dynamic Representation of

Qua

ntum State W

A guantum state ¥ has two physical meanings:

® Serve as probability density function

® Represent a dynamic system:

® Determine Hamiltonian

H () = —p? +V (@) + Q(w(a)

® Determine Hamilton
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Quantum Mechanics

Quantum Hamilton
Mechanics

H
¢ 2m

_ 1 P +V () # constant

p— p=-in(d/dx) X—> X=X

2

1 2 ~ 1 d
=— V(X)=——5+V(X
2m%+ 0 omdx? ()

2
ﬂw E(//‘ f d"”+(E V(X)) =0

Eigenvalue E, E==) Energy quantization

Eigenfunction ‘ Probability density

%)=

)=

‘—I—OO

v Ry dx

v Quax

H= L 24V (X) —iln (X)
“omP oma
= E = constant

hzdt//
+(E -V (X 0
2dz( (X)y =

Schrddinger Eq. is the energy conser-
vation law in Complex space
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dx _oH(y,) _ 1

Dynamicrepre- | d¢  ép  m
sentation of ¥y | dp _ dH(y,)
dt OX

Solve folx(t), p(t)

Eigen-trajectory in ¥/,



The Origin of Quantum Operator

Till now, no formal proof is given to the quantization axiom p — p =-iAV
In complex mechanics, quantum operators arise naturally.

Complex Function Q mm) in(jl// =) Quantum Operator Q
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NOt'Ce = | In quantum mechanics, we have AQ , but do not have Q . Without the
" | connectionto Q , the origin of Q is rather obscure.
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Intrinsic Complex Hamiltonian in
Schrddinger Equation
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Quantum Harmonic Oscillator
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Quantum Potential Disappears Beyond Nanoscale

Quantum Newton Law
dx*  dv dQ

=— — , xel
dt? dx dx

m

Large X Q—0

Classical Newton Law

dx? dVv
m —m—m— ———
dt? dx

Total potential

Quantum potential Q is
significant only in a nano-
scale region




Quantization of Action Variable

The action variable evaluated along any closed eigen-trajectory of
harmonic oscillator satisfies the Sommerfeld-Wilson quantization rule

jc pdx=nh, n,=0,1 2,

X

N=1 == pdx:ihj

x2—1dx _ 0, VceQ; or Q,
h, VCEQS

c is a Contour traced by a particle
moving in complex plane

There are infinitely many contours, but
the contour integration of pdx has only -
two discrete values, depending whether ‘

the pole is enclosed or not.

The Origin of Quantization

Contour integration depends on the number Particle’s trajectory - dx . X2 —1
of poles enclosed by the contour, but not on E =1
the shape of the contour. X




General Hamiltonian for Harmonic Oscillator
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1 Schrodinger equation:
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Ordinary wave
function:

w,(x)=C,H,(x)e*"

Coordinate transformation: x — x' 1 x'=1/\ax-b/2\/a

Eigen Function:

12

New p'n (X)) =Cl HY (x)e ™

~C'H, (Yax-bj2a)e )

New Eigenvaluef E'= E -b*/4a+c

Trajectory movement: 1 Let 1/\/a = re
N
- N
r Multiple @ rotation -b/2a shift
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Rotate-Invariant Trajectory




#1

Complex trajectories of PT Symmetric harmonic osillator in the ground state

vy (x)=2(2x+2)e 2
ax' _ 4" +8x'+3
dt X'+1




Complex Energy

A system’s total energy becomes complex when it has
complex eigenvalue (q,p,t):%p[p +V(q)+Q(w(q)):—%= E = constant

Consider the state transition of harmonic oscillator
Yo (Y) =e " ‘ p (X)=2%e ™ "2

Wave function of the whole transition process

E, =3/2
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Energy transfer from ground state to n=1 state

The total energy is complex
valued due to the complex
nature of X(7)

on the complex plane
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Summary & Conclusions

An intrinsic complex Hamiltonian and its related
complex Hamiltonian equations of motion arise
naturally within every quantum system.

Schrodinger equation Is just an expression for the total
energy conservation of the accompanying intrinsic
complex Hamiltonian.

H (a.,p.t) :%p[p +V(q) +Q(w(q)) = —% = E = constant

The PT-symmetric and the non-PT-symmetric complex
Hamiltonian can be unified into a general class of
complex Hamiltonian.



Summary & Conclusions

There i1s a general complex Hamiltonian for harmonic oscillator:

H, _L p? +ax“+bx'+c, a,b,cel
a

Coordinate transformation/Eigenvalues:
2
x':ix-izrem—£ E':E-b—+c
Ja 2a 2a 4a

= r Multiple, & rotation and -b/2a shift

ex: H :% p'2+i2x'2+i2x'+%:a:b:i2, o3
i

1 b _x1 E'=2n+1+

X = X-—=
Ja 2a i 2

4
1+§=2n+2
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Summary & Conclusions

« When viewed from the complex domain, the boundary
between Hermitian system, PT-symmetric system, and
non-PT-symmetric system disappears.

Hermitian System @ Real ¥ andreal E

S —
-




Summary & Conclusions

Their quantum trajectories and eigenfunctions can be
made coincident by linear coordinate translation.

One can obtain the eigenfunction and eigenvalue for a
quantum system without solving the Schrodinger
equation.

The identical quantum trajectory can be obtain under
linear coordinate transformation in complex plane.

Complex energy has real physical meaning, however,
the real energy reflects the eigenvalue of the system,
only a small part in it.
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