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Motivation

» Non-Hermitian Hamiltonian systems have been stuftiedome time,
resonance systemsn Neumann, Wigner 1929] [Breit-Wigner 1936]

» Here non-Hermitian Hamiltonians witkalspectrumsuch as
_ 1 nR2 2 (i
H = =p°+x°(1X)" for v>0

[C.M. Bender and S. Boettcher, Phys. Rev. Lett.1898) 5243]

» Since then roughly three phases
1) Spectral analysis: How to explain the reality of s$pectrum?
a) Pseudo-hermiticity:

Hf =n°Hn? < h=npHn?t=~h
b) PT-symmetry:
H,P7] =0 A PTD = &= ¢ = ¢* for HD = gd
c) supersymmetry (Darboux transformations)
i) Formulation of consistent quantum mechanics

i) Applications (coupling to Laser fields, brachistomie, etc)



» Non-Hermitian Hamiltonians whose spectra were beligoe
be real have occurred much earlier in the litegtur
- Lattice version of Reggeon field theory

Hir = 2| Aapay +igas(ar + ap)ay + 92 (a5 — ap)(@n; — a)

I J
[J. Cardy, R. Sugar, Phys. Rev. D13T75 2514]

[R. Brower, M. Furman, K. Subbarao, Phys. Rev. Q%) 1756]
- on a single site:

Hssir = Aa'a+iga’(a+a')a

— %(f)2 + X% -1) +ii(>?3+l52§<—2§<+if))
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with: a = m(a)x+|p),a = m(x loP), ® =1

- obviously this Hamiltonian is PT-symmetric:
PT : X - -%Xp-pi—-—-i,a- —-aa - -a =
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H(X,p) = 2( + X 1)+|—ﬁx
Hsstr&,p) = 5 (B2 + X% = 1) +i— (%7 + pP?R - 2X+ip)

- modified programme of [Weidenmduller, J. Phys. A39 (2006) 10229]



A Master Hamiltonian of cubic order
He = Ma'a+ Axa’a” + Azaa+ g +i(Asa’ + Aga

+A7a'a’a’ + Aga'a’'a + Aoa'aa + Aipaaa)
A )/\(2
2 1 g5 {p,2 y

He = a1p® + azp + o4P + asX® + ae

> -
+ig[a7 P%% DK

2 °2
- ten parameter family wittei, Ai € R, a= MA, A = M™a
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e for special choices of the parameters this redtaeceeme well

studied models:

model\constants Q1| o2 | az | as as |[Qg | a7 |og|0g | Ao

i A A _A 1 4 2

lattice Reggeon 0 5 O 0 3 2 | T 0 > 5
ix3-potential 0 1 O o0 o0 O 0 0 1 (
massive iX- potential 0 1 O Om> O 0 0 1 0
-x*-potential 0 1 0 +-g a -a 1llg 0 0 -2a/g
Swanson model 0 1 0 00« 2 0 1 O 0
IX- potential O 1 O O O OO O O 0 1
-x°-potential 0 1 0 5 -g 3a -a 1llg 0 alg —-3alg

» Task: Solve

h=nHn?t=h" =n'H'n o H =n?Hp=2, forn = n'

for the metricn? = n = h



Pseudo Hermitian Hamiltonians from Moyal products

» Exploit isomorphism

FX,P)GX,p) = F(X,p)*G(x, p)
 operator valued functionsE (X, p), G (X, p)
 scalar functions:F(x,p), G(x,p) € S
 space of complex integrable functions:
e Moyal product:x : S xS - S

F(x,p) * G(x,p) = F(x, p)e?@xr0:30G(x, p)

o0 . S

= Z (—|;2)S Z(l)t( T )8§<8§*tF(x, P)o% 0, G(X, P)

s=0 ' t=0
- properties: associative, distributive, Hermitici(F « G)* = G* x« F*

. representation:F ()A(, IS) _ .‘io detf(S, t)ei (SX+tp)
F(X,p) = .'io dsdtf(s, t)e! (<+P)




- compute:

F(P)GK.P) = [ dsdtds'dt'f(s, t)f(s',t')ez (el srs)xittp

= the iIsomorphism is guaranteed by the definitionvabo
-Hemiiity: F' (%, B) = F(X,P) = F*(X,p) = F(x,p)

* In this context Moyal products have been employefdie in

[F. Scholtz, H. Geyer, Phys. Lett. B634 (2006) 84]
F. Scholtz, H. Geyer, J. Phys. Lett. A39 (2006} 89)
C. Figueira de Morisson Faria, A. Fring, Czech.lly$? 56 (2006) 899]

- SG use asymmetrical definition:

F(x,p) * G(X,p) = F(x,p)e' *rG(x, p)

= i) (FxG)* £ G* x F*
i) FI(X,D) = F(X,P) = F*(x,p) = e F(x,p)

i) the differential equation are more complichte




» Construction of n4(X,P), n(X,p), h(X,p) :
) H(f(, f)) — H(X1 p)
- Solve differential equation fan? (X, p)
H™ (X, p)*n?(X,p) = n*(X, P)xH(X, p)
= H'(X,p)n? (X, p) = n°(X,PH(X,p)
-Solve °(X,P) = (X, p) * n(x,p) for n(x, p)
= n°(X,p) = n(X,p)n(X,p)
- Compute (X, p)

-Computen(X,p) = n(X,p) * HX,p) x 17 (X, p)
- Check Hermiticity:

F'(x,p) = F(x,p) = F*(x,p) = F(X,p)
- positive definiteness: logF(x,p) € R

) nZ(X! p)’ TI(X’ p)’ h(X’ p) - 772(),\(’ ﬁ)’ n()’\(’ ﬁ)’ h(s\(’ ﬁ)



» Ambiguities:
Obviously takingH as the only starting point, there is not one unique
Hermitian counterpaft in the same similarity class.
» different types of mechanisms:

-If n°solvesH' = nan‘Z then
7% =(HH"y?H"  forne N

IS also a solution.

- perturbative ansatzn? = €%
at each orde] -~ g+ hp is an ambiguity
- any symmetry is an ambiguity> - n?Q with [Q,H] =0
e fix by:
- eliminating non-physical solutions
- choose a further observable

[F.Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992
but this is artificial as one does not know befarathwhich to choose



Quastsolvable models of cubic order
- Convert Hc(X,p) — Hce(X,p)

He(X,p) = a1p® + aop? + azpX? + aap + asX? + o

+ig(a7p?X + agpPX + aoX> + a10X)

H' (X, p)xn*(X,p) = n°(X, p)*H(X,p)

= differential equation

((0apx0p + asx0p + 930,08 + 103 — azpox — S 01p?0x — SEx20x - Loy )n?

- g(agx?’ + 10X + agPX + 073X + a—gpaxép + %axap — %x@i — %(XgX@g)nz

 Ansatz for solution:
n(X,p) = expg(dip® + q2px? + qzp? + gaX* + gsp)

- assume perturbative expansiorgin
- solve systemmatically order by order to construeiceé solutions



» Solutions are governed by various constraints eth
Non vanishingpX-term (oz = 0)

- with additional constraints
a1 = o7 = 0, azaio = 0409, 030 = 20209
Ho(X,p) = a2p? + azpX? + asp + asX? + ag

2a2a9 Ol40lg

3
+19( PX + 09X + = ==X)
- the differential equation is solved exactly by
n2(x,p) = e 9%

a2 05

= he(X,p) = 02p? + azpPX? + ag4P + 0sX? + e + g2 —> X?

a3

- the metric is Hermitian and positive definite
- solution does not reduce to any of the well studnedlels



Non vanishingk?-term (as + 0)

- with additional constraints

0109 = 0307, 0209 = 0507 + 0305, 0409 = 0508 + 030110
He(X, p) = a1p> + a2p? + azpX? + a4Pp + asx? + ae
HO(HZ pAX + PX + agX> +

- the dlﬁerentlal equation can be solved exactly
—al 2702, %8 i %9 2
UZ(X1 P =e¢€ g( ag P g PragX )
- howevern(x, p) * n(X,p) = n%(X,p) is solved perturbatively

azag a5a7 040.9—0L50.8

a3

X)

U(X,p) — 1_9

a7P? + agp + X%ag e (po7 + ag)p? + ax?
2013 80,5
ag(o7 + 20(7[)2X2 + 20(8pX2)
_|_
805

)+O©%



= he(X,p) = aspX? + asX? + og + (Xa_(;?pg N ((15(17;9(13(18) 02 + (as0g 4(1—9(13(110)
_ gz (2a7p + a8) (p((X?p + a8) + (X9X2 + (110) N O(g4)

40(3

- the metric is Hermitian and positive definite
- solution does not reduce to any of the well studnedlels

Nonvanishinggk?-term and vanishing’-termn

- with only one additional constraint
1005 = as(0z0g — O507)
- as5(0308—05007)
Hc(X,p) = ho(X, p) + ig(a7p?X + agpX + ———2—-CX)

a3
- the differential equation is solved exactly by
g(ﬂpZ_l_ (130(8—(15(17 p)
2 L 2 L 20, 0a’
n“(X,p) =n°(p) =e ™ 3

2 2 —O0E02 2002 qe20q-2 _ 2
. 2 a7% A3 030708—050% 2 03°08°—05°0.7 as(os07—0308)
= he = hg + 0 (Tl?,p + e P= + 4a3d P+ 4oz )



- the metric is Hermitian and positive definite
- solution does not reduce to any of the well studnedlels

- relax the constraint by demanding a different fafithe solution

g <a52a7—(13 og (x8+(132(110> a7 2 030g— 0507
g t—— P
e

n?(p) = (pas + as) 3

2ug P 2
5 (p? a7+pag+ain)”
> he(X,p) = ho+g

o3
4(postas)
Vanishingdk?-term and non vanishirg-termn

He(X,p) = a1p® + asp? + asp + asX® + ag
+ig(a7p?X + agpX + a10X)

07 3, %8 2, %10
P2, P +a_5p)

n2x,p) = (35

2
p2a7+pog+aio)

he(X,P) = a1p? + a2p? + asp + asX? + g + g2 (
- the metric is Hermitian and positive definite

- reduces to Swanson and transformed potaftidbnes, Mateo]

405



Vanishingpk?-termn

He(X,p) = aop? + asp + asX® + ag + ig(ogpX + c10X)

01 =07 =09 =03 =0 and g0l = 20120010

n2(x,p) = e 9u0wx*  forg, = 0O

2
he(X,p) = a2p? + aap + asx? + as + g° 210x2 foras + O
4

n2(x,p) = e 922X for g, # O

he(X,p) = a2p? + asp + asx? + ae + gzé%ixz fora, # 0
- the metric is Hermitian and positive definite

- case 1 does not reduce to any of the studied models

- case 2 reduces to the Swanson Hamiltonian

Theseareall exact solutions of the specified form.



Lattice version of Reqggeon field theory
Hssir = Ad'a+iga’(a+a')a

* pseudo-Hermiticity

__ 112 —2
HSSLF = N HssLrn
- parity operator [M. Moshe, Phys. Rep. 37 (1978) 255]

P=ei¥=p2 .. pagp=_a PaP=-a
put 1 =P =n'#» h=h

- alternatively
77 — e 1Z (aa—a'a’) - pan~t =ia' na'nt =ia

h=nHnp™* = -Aaa’ + ga(a+ a')a’
but the metric is not positive definite
- this case is not one of the exactly solvable emegerturbation theory



Consider: g-0J2,A=1
Hssir(X,p) = a’' xa+iga’ x (a+a’) xa
- %(x2 +p2 = 1) +ig0c + p2x — 2X)
(2X0p — 2P0x)N? (X, p) = (43 — 8X + 4p?X + 2pOx3p — X5 — X0% )1 (X, P)
A tz: 0 o~
el UZ(X’ p) — Zznzo gnCn(X1 p)
(2X0p — 2P0x)Cn(X,P) = (4X3 — 8X + 4p?X + 2PpOxOp — 3X05 — X0%)Cn-1(X, P)
limg.on?(x,p) = 0= co(X,p) = 1

C1(X,p) = p° — 2p + px?
C2(X,p) = p°® — 4p* + p? + X% — 4p2x? + 2p*x? + px*
c3(X,p) = %pg’ —4p’ — 5p° + 24p3 — 4p + 8px? — 6p3X? — 8p°X? + 2p’X?

— px* + %p?’x6 +2p'%x% — px* + %p?’x6 — 4p3x* + 2p°x*



Ambiguity: Cn(X,P) = Cn(X,p) + = (X* + p — 1)

Fix with:

n°(X,p,9) x n*(X,p,—9) = 1
Solve: n(x, P) *U(X, P) = UZ(X, p)
Ansatz: 0 o~

>4 n(X, p) =1+ anl g”qn(X, p)

ql(X, p) — C]_(X, p)
Q2(X, p) — CZ(X1 p)/2
Ga(x,p) = £p° P’ — TLp® + 16p° — 3p— 2p® + $p'x?

p5x4 p3x6 13
T T8

px4 p3x* + 12px? — 2p°X?



Hermitian counterpart:
hsstrR(X,P) = 2 (X2 +p2 - 1) + g?(Sp* —4p? + 1 - 4x? + 3px2 + 3x*4)

~g*( ELp® - 34p* + 4p? + 8 + 4x% — 4802Xx? + AL px? — 14x* + L p?x* + Lxf ) + O(g®)

or in terms of creation and annihilation operators:

n=1+iJ/2ga'(a" - a)a+ §?a‘[a’(2a’a— a’a’ — aa+ 5)a—2a'a’ — 2aa + 2]a
hssir = a'a+ g?a’(6a’a+ 4)a+ g*[a’a’(10a’a’ + 10aa — 48a'a)aa

+a'(20a'a’ + 20aa - 120a'a)a— 32a'a | + O(g®)



» Numerial solution with square exponential fall offirgfinity
versus perturbative solution :

20

18-

16 F

14

| | 1 1 1 | 1 |
ooz o003 oo4 o0os 005 007 002 0082 041

g

]
0 0.01

---- numerical solution
---- perturbative solution to second order



Unbounded potentials

- transform from wedge with physical decay at infirit the real axis:

© Ha(2) = p7 £ ez "= 16
S By — A2 1L P icA2 Py &2
=>H4(x,p) = P°+ 5 +IXp *+ (a + 2laX — ax*)
withz = —21/1 41X [H. Jones, J. Mateo, Phys. Rev. D73 (2006) 08
© Hs(2) = p; +62° i = 64

- exponential fall off in

WL=A0l-tr<0<-2n} Wr=H0|-2n<0<in}
- same parameterization

Ho(,P) = P2 + 2 +i%p2 + (& + 3iak — 3652 — i653)

- not one of the quasi-solvable models



Conclusionsand further problems
» We classified exact solutions for the most geneuaic
PT-symmetric Hamiltonian.
» The symmetrical definition of the Moyal productivery
useful technical tool to construct the metric opmrand
Hermitian counterpart for pseudo Hermitian Hamilsans.

Further problems:

= Quartic potentials

= Lle algebraic generalisations

= higher order potentials, generalisation of the Regtfice

models 0 N
H=Aa'a+--a'(a+a') a



Thank you yery much for your aiicaiton



