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Sturm–Liouvilleproblems

Westudypolynomialpotentials
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k
,

wheregkmax>0andg−2=`(`+1)>0.

WeseekthesolutionψoftheSchrödingerequa-
tionHψ=Eψ.Theasymptoticbehaviouris
determinedby

−
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n
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wherekmax=n.
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Boundaryconditionsfollowfromtherequirement
ψ∈L

2
(C).CusedtobeR.Asymptoticbehav-

iourforξ→∞:

Iν(ξ)∼
eξ

√
2πξ

ψ(x)∼exp(±√g
n

2
n+2x

n+2
2)

Kν(ξ)∼
√

π
2ξe

ξ

Bender,Turbiner(1993):theeigenvalueprob-
lemcanbecontinuedtoC.

Buslaev,Grecchi(1993)andBender,Boettcher
(1998)showedthatnon–HermitianHamiltoni-
anscanhaverealspectrawhendefinedalonga
curveinC.



Alongtheray%e
iθ

wehave

ψ(%,ϕ)∼exp(
2

n+2%
n+2

2cos
n+2

2ϕ)

i.e.solutionsphysical×unphysical(accordingto
thesignofcos

n+2
2ϕ).Thecomplexplaneisas-

ymptoticallydividedintoStokes’wedgesandwe
canjointhembyapathinC.

Imposingsuitableboundaryconditionsonthe

eigenfunctionsindifferentStokes’wedgesde-

finesdifferentSturm–Liouvilleproblemsgene-

ratedbythesamedifferentialexpression.





QESpolynomialpotentials

Forcertainsetsofpotentialparameters(apart
of)thesolutioncanbefoundinformψ(x)=
PJ(x)exp(−Qn+2

2
(x)),J>0integer.

Eigenenergiesarerootsofanalgebraicequa-
tion⇒dependenceonpotentialparametersavail-
ableinaclosedformonlyforlowJ.

TherichestQESonRissexticpotential:

V(x)=x
6
+2ax

4
+

(

a
2
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)

x
2

Bender,Monou(2005)showedthat

V(x)=x
6
+2ax

4
+

(

4J−1−a
2
)

x
2

exhibitsalsoaQESswhendefinedalongacurve
joiningasymptoticallywedgesaroundarg(x)=
−45◦andarg(x)=−135◦.



Bender,Boettcher(1998)foundthat

V(x)=−x
4
+2iax

3
+(a

2
−2b)x

2
+2i(ab−J)x

definedalongacurvejoiningasymptoticallywedges
aroundarg(x)=−30◦andarg(x)=−150◦also
hasQESs(andaspectrumboundedbelow).

Weseethat

•theleadingtermcanbenegativeandthe
spectrumrealandboundedbelow

•oddpowersareadmittedifthecorresponding
coefficientsareimaginary

•therearevaluesofparameterswhenspec-
trumisnotfullyreal



Twoquestions:

•Howdifferentarespectra

•RoleoftheQES

Example:
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E0isrealforalla,b,c.However,if

ψ(x)=(1+αx
2
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−
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Eigenvalueproblemsoftheform

−
d2ψ(x)
dx2−(ix)

2
+V(ix)ψ(x)=Eψ(x)

canbetreatedbychangeofvariables(Znojil
2005):

ix=(iy)
α

ψ(x)=y
%
ϕ(y)

If%=
α−1

2ischosen,ϕ
′
(y)isdroppedoutand

0=−
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