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The time independent Schrodinger equation in the position

representation is given by (assuming i = 2m = 1)

Hy(z) = By(x) (1)

where the Hamiltonian H is given by [Choi et al, Phys.Rev.A60
(1999) 796]

fp(a) = - LD

oo

+wwwm+/ dyv(z, y)(y) = Bb(x) (2)

— OO

V(z) and v(x,y) being complex local and nonlocal potentials

respectively.

We now consider a pair of Hamiltonians H of the form (1) where
H~+ — AB, H_ = BA, A and B being linear first order differential
operators. Then H_ is the isospectral partner of H 1.



Correspondingly, the Schrodinger equations for the partner
Hamiltonians H 4 and H_ are given by

Aoin@) = ~20D Ly @y @)+ [yt
— B.t.()

and ?

H ¢_(z) = —ng;;x)wLV(:cW(x)nL /_ O:O dyv_(z,y)—(y)

= E_y_(x)



Writing [Choi et al, Phys.Rev.A60 (1999) 796]

<z|Vi(x)|ps > = Vi(a)+(x)
G (5)
< zor(@,y)bs > = / dyvs (2, Y (1)

equations (3) and (4) can be cast into the form
d2¢:|: (.CIZ‘)
dx?

Let us write the potentials in operator form as

+ < z|Vi(x)|v+ > + < zlve(z,y)|v+ >= Ervpi(x) (6)

VvV, = / dr|z > Vi(x) < x|
P o0 (7)
iy = / da:/ dylx > v (x,y) < y

— 00 — 0



Then the partner Hamiltonians H. and H_ can be factorized

respectively as

Hy=AB=p"+V,+ 04 (8)
and
H_ =BA=p>+V_+i_ (9)

where the first order differential operators B and A are defined by

—ip+ W +

o>
I

) (10)
ip+ W+

s
I



And

W = / dx|lx > W(z) < x|
W = / daz/ dylz > w(x,y) < y|

The potentials V1 and vy are written in terms of the factorization

potentials W (x) and w(z,y) as

Vile) = WPz
vilz,y) = / duto(z, wyw(u, y) + [W(z) + W(y)lw(z,y)
[3 T, 1) 8w(az V)
dy

(12)



It is to be mentioned here that in models with local potentials,
there is a one-to-one relationship between the ground state and the
factorization potential W (x) but it is not so with non local
potentials. In non local models, given the factorization potentials
W (x) and w(x,y), the zero-energy ground state 1(x) is obtained

from the integro-differential equation

dwc(;m(x) + W (x)o(x) + /OO dyw(zx,y)o(y) =0 (13)

— 0




We shall now construct a class of exactly solvable models with both
complex local and nonlocal potentials starting from any exactly
solvable local model with factorization potential Wy(x) and to this
end we choose

W) = (1-c)Wy(x)
0 (14)

w(z,y) = 01%5(3?—9)

where (] is a parameter of nonlocality and c is a constant.



Substituting W (z) and w(zx,y) we obtain

Vi(z) = (1- C) (Wo(x )] +(1—¢) dV[;(;($)
/_oo dyvs(z,y)+(y) = CF d2§;2($) +204(1 — &)Wo(x) d¢;qf$)
£(1 = ¢)Ch dmg;(x)wi(x)

(15)




Consequently the eigenvalue equations for the Hamiltonians Hy are

written as
Hivy = Eppy (16)
where
He = —(1- 012)61—2 +2C (1 — c)WO(a:)i
dr? dx

+ (1—e)(Cy £ 1)@ (2 W(z)  (7)

To solve this eigenvalue problem our strategy would be to find a
similarity transformation mapping the Hamiltonians H into
standard form.

To this end we make the transformation

pi(x) = e 3/ T@® g, (2) = no (x) (18)
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where

n _ 3 ) f@)da
. 201(1—¢) (19)

so that the transformed Hamiltonians Hy = n~'Hyn are given by

Hidi(z) = —(1— cf)d 3;%2@) + (<11__é)12)W02(£U)¢i(33)

+(1 — )Wy (2)ps(z) = Exgs + (2)

(20)

It is to be noted that Hy can be factorised as
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where
C = (1+C) di + ((11__061))W0(:13) )
D = (1 —cl)d‘; + ((11+_061))W0(x)

For the special case C? = ¢, the Hamiltonians Hy can be written in

terms of the local Hamiltonians H + local @S
H:l: — (1 - C)H:I:,local (23)

Then it can be shown that

P+ = X+

(24)
E:t — (1 — C)E:l:,local
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Now to find eigenvalues F+ and eigenfunctions 14 of the
Schroedinger equation (16), we proceed as follows: For local
Hamiltonians we already have

H:I:,local X ,local :E:I:,local X4 ,local (25)

where X+ 10cal are the eigenfunctions of the local Hamiltonians.

Therefore

H:I: X=+,local — (1 — C>}_[:|:,local X=+,local — (1 — C)E:I:,local X+ ,local
(26)
Putting (18) into (16) we have

Hings = Eingy

27
nki o4 20



Operating n~! from the left of the above equation, we get

Higy

FEigy
(1 — C)H:l:,local ¢:I:

Comparing (28) with (26) we have

O+
Ey

X+
(1 - C)E:t,local

(28)

(29)
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Example 1.

Here we shall apply the above formalism to obtain
eigenvalues and eigenfunctions of a nonlocal variant of
the P7 symmetric Rosen Morse potential | Znojil,

J.Phys. A33, (2000) L61]

In this case the factoriozation potential is taken as

B
Wy(x) = ZZ + Atanhx (30)
Then H. are given by
- ¢4 (x) iB d
— (1 _ (2 _ . _
Hy=—-(1-C%) T + C1(1 —¢)( Y + Atanhx) -

+(1 — ¢)(C £ 1)Asech?s + (1 — ¢)* A%sech*s
(31)
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2 1 — B
_2G4( 26) (i— + Atanhx) the transformed
i 0%

A
Hamiltonians are given by

With f(z) =

_ d? 1—¢)2 iB
Hy=—-(1-C%) +( )

2 _ 2
dz? (1 -— 012)2( A + tanhx)” £ (1 — c)Asech®x

(32)
These two Hamiltonians admit the factorisations
_ d (1—c¢) ,iB
H.=|(1+C Atanh 33
4 [( - 1>d56+(131301)(A+ an x)] (33)

d (1—c¢) ,iB
=T azo)' A

[$(1 + Ch) + Atanha:))]
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With C? = ¢, the eigenvalue equations for H4 can be written as

9 :
Erj:¢i(£c) =(1—c¢) —d ?;;(Jf) + (% + Atanh:z:)ngi(a:)

+(A sech’z)p1(z)] = Ex ¢ (z)

(34)

The eigenvalues and eigenfunctions can be written using the results
of corresponding local model [Levai, J.Phys. A22, (1989) 689,
Znojil, J.Phys. A33, (2000) L61] For unbroken P7 symmetry

_ 1 iBa( e — 1)
v-(o) = (coshz)A0—ve) — " o (35)

A-nt B A—p— B

P, A7 (tanh)

where PP is the Jacobi polynomial.



B? B?
E_ =(1-¢)[A° - = —(A—n)?
(1= O = 5 — (A=) + o]
where n =0,1,2--- < A(1 — v/¢)
And
— 1 ’LBJJ( \/_El_ _i_ )
Velz) = (coshx)(A-D(A=Ve) e B
Pf_l_nJrA_Zl_" Al (tanhx)
B? B?
E. = (1- A2 — = —(A—1-—n)?
+ ( C)[( A2 ( n) —|_(A_1_n)2]

where n =0,1,2--- < (A—-1)(1 — /¢

(36)

(37)

(38)
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Example 2. Scarf Potential
In this case the factorisation potential is taken as

Wy (x) = Manhx + iusechx

Then H,y are given by

~ d? d
_ 2 ;
Hy = —(1 — Cl)—dx2 + 201(1 — c)()\tanhaf; + wsechw) o

+(1 = ¢)(Cy £ 1)(Asech?x — ipusechxtanhx)

+(1 — ¢)*(Manhx + ipsechx)?

(39)

(40)
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. 201 (1 — C)
th = —
With Je) == oy
Hamiltonians are given by
_ d?

Hy=—-(1-C7)

a2 T (1=c2p

(Atanhx 4 iusechx) the transformed

1 — 2
1-c) (Mtanhz + iusechx)?

+(1 — ¢)(Asech®z — iusechxtanhz)

(41)
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These two Hamiltonians admit the factorisations

~ d 1—c

(X tanh x + iy sech x)

d (1—r¢)
dx + <1i01>

[F(1FCh) (X tanh x + ip sech )]

(42)
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With C? = ¢, the eigenvalue equations for H4 can be written as

Hegs(@) = (1—¢) |- L0

+(Asech’s — ipsechatanhz)dy (z)] = Ex ¢ (x)

+ (Mtanhx + ipsechx)? d+ (x)

(43)
The eigenvalues and eigenfunctions can be written using the results
of the corresponding local model |Z.Ahmed, Phys.Letts. A282
(2001) 343, A287 (2001) 295].
If the potential in the above equation is written as
V(z) = Visech?x + iVasechatanhz, then for unbroken PT
symmetry |Vao| < Vi + i, V1,V being given in the following

equations. Three cases will arise
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Case 1. Positive square roots taken in both ¢ and s (given in the

following equations). In this case the eigenvalues are given by

Ei,n+:(1—0)[A2—{n++%—%(t+8)}z] (44)
where
nt = 01,2 <=t
i = (M+p?)FA
Vo = $pu—2\u (45)
t = \Jit+tVi-Va
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and the eigenfunctions corresponding to these real eigenvalues are

(1= \E)(s +1) = (L £
i s (z) = (sech z) 2

(46)

exp %(1 +/¢)(t — s)tan™ Y (sinhx) | P\=47%) (isinhz)

n

where PT(,J_t’_S) denotes Jacobi polynomial.
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Case 2. V5 > 0, positive square root in s and negative square root
in .

In this case

Bep =10V —fn 45— 2(-0)% @7
where
n~ = 0,1,2... <=1
Vi = (P+p2)TA
Vo = $pu—2\u (48)
t = —\/§+V1—V2
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and

A-Ve)ls—t) -1+ ¢
Vi (@) = (sech ) 2
exp —%(1 — Vo) (t + s)tan™Y(sinhz)| PH~9) (isinha)

(49)
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Case 3. V5 < 0, positive square root taken in ¢ and negative
square root in s.

In this case

B = (1=~ {n7 + 5 — 2t~ )]
where
n~ = 0,1,2-. < ==
Vi = (M+p*)FA
Vo = Z£u-—2\u
t = itV

(50)

(51)
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and

(1= Vo)t —s) = (1£/0)
Y () = (sech z) 2

exp %(1 + /<) (t + s)tan"(sinhx) | P75 (isinhx)

(52)
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Conclusion
1.The complex factorization approach is formally extended to
complex nonlocal Hamiltonians. Many theoretical questions for

nonlocal potentials are yet to be resolved e.g. inner product for P7T

symmetric nonlocal systems, formulation of nonlocal P7T

symmetric supersymmetry and pseudo-supersymmetry

2. However the present framework provides a link, albeit for special
value of the nonlocal parameter, the nonlocal potential to a

corresponding local P7 symmetric potential.




