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~ Baby ODE/IM correspondence

Consider the QFES model (Turbiner, Ushveridze,
Bender-Dunne..)

d? 6 2
H =4 —ax
QES o +
with a=2J+1o0or J=0,1,2,... . Look for eigen-
functions of Hggs with zero-monodromy:
N
() = [H(az - 571)] exp (—z*/4)
i=1

then N = J+1, plus a set of non-linear constraints
on {&;}

Z 2 +8¢ 3 =0

i €j — & 2&3@'

and E, = E,({e;}) nmn=1,...N . This set of con-
straints coincides with the Bethe ansatz equations
for the (generalised) Gaudin model!! (An finite
N-site quantum spin chain). ODE/IM is a corre-
spondence between

Quantum Integrable Hamiltonians
and

ODEs+zero-monodromy conditions

(On the ODEs, except x = 0 and z = oc0). It is the
quantum version of

Gaudin models « Classical zero-monodromy Opers
(Feigin and Frenkel [arXiv:0705.2486]).



The 6V model the BAE and, PT-symmetric QM

Consider N x M lattice model with periodic BCs
and N/2 even. On each link of the lattice, we
place a spin

A) Only those configurations of spins which preserve the ‘flux’
of arrows through each vertex are allowed.

B) We shall only consider the zero field 6-V model which has
an additional ‘4-spin reversal’ symmetry. Locally this gives
Six options:

_ T - _ l -
W — — :W <«— «— = Qa
i T . : ! |
_ l - _ T -
i ! . 2 T |
_ T - _ l -
W — «— :W <«— — = C
i ! . : T i



The overall normalisation factors out trivially from
all calculations, and we can parametrise the re-
maining two degrees of freedom using:

v (the spectral parameter)
n  (the anisotropy)
as
a =sinh(in—v), b=sinh(in+v), c=sinh(2in)

To calculate the partition function ~Z , define the
transfer matrix , T :

Tg}} (V) = ZW[51Q1162] W[BQ% 53] W[/J’NO‘N 51]

(0 QD an
{Bi}



In terms of T the partition function is
Z = Trace [T"]

The free energy per site in the limit M — oo can
be obtained as

— 1 — 1 M 1
f=+-InZ=-tInTrace [TY] ~ Linto ,

where tg =t is the ground-state eigenvalue of T .
Baxter's T-Q relation : there exists an auxiliary
function ¢(v)

N/2-1

q(v) = H sinh(v — 1) ,
n=0

t(v)q(v) = a(v,n)Vq(v + 2in) + b(v,n)Nq(v — 2in)

BAE then emerge as a consequence of the fact
that both 5 and ¢ are entire. Setting

q(v;) =0,
we find
_aV(vi,n) q(vi + 2in)

1 = e
bN (vi,m) q(vi — 2in)
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The conformal limit is achieved by sending

N —o0o and a=¢™/? 0,
with a/N finite. Defining
N =e? . Q=€
the )\; 's for + < In N rescale to zero as
N\ ~ Ead®™ ~ B NTAT
and the BAE becomes for 7n/4 <n < /2

1 = ﬁ (En - EZQ)
(Bl - EQTY)

Twisted BCs:
—1 = —e??
and the T-Q relation becomes

t(B,¢)q(E, ¢) = eq(w’E, ¢) + e "Pq(w ?E, ¢) ,



ODE/IM result:

t(—FE,®) < Spect. det. PT-symmetric QM
for

Moy = p* — (i)Y +1(1+1) /2?
(M and [ real, M > 0.)

This amounts to studying the effect of an angular-
momentum-like term [(I4+1)z~2 on the Bender-Boettcher
problem.
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Integrable Schrodinger

Model equation

1% — Energy

n — Mz /(2M+2)

¢ - (247 /(2M+2)

LLateral spectral prob-

t 7 lems defined at |z|=o00
Radial spectral prob-
q — lemslinking |z|=0c0 and
|z|=0
At M =1
2
H(—E,1) = -

MGG+ 2559 (G - 255)

and the ‘PT-Harmonic oscillator’ spectrum is real

Ee{34+2l+4n}tu{l1—-2l4+4n} (n=0,1,...).
Consider

d2
(PN 6@ =0
impose vanishing BCs at z — +o©

¢(33)x—>oo ~ ;—I—A — 12

and set

W (z, A, X) = ¢(z, \)Y(z,X)
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Two possible behaviors as x — —oo. In general

D2 N~ (—x>—%—kexp<+%x2>

exceptionally at s = A e {3+ 4n}u{l+4n} (n=
0,1,...)

; 1
(@, Moo ~ (—2) N exp(—52%)
therefore

W (x, Aiy \') = (z, M) (x, )
can be (e-regularised) Fourier transformed

V(k) = FIw(@)] = tim [ dgw(a)eiore

— 00

Let's see what kind of ODE W (z, A\, \) satisfies:

2 -1
V" = (22 = V' + 2W — (AA) ( d > 1\
4 dx

where
X:(A—l—)\’)/Q : AA=(>\—>\’)/2

where the pseudo-differential operator (introduced
for later convenience) is defined by its formal action

d\ ! s xSt
% x_s—l—l
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Fourier transforming the final equation and, after
gauge transformation

(AN)? —
A2
this is our initial PT-symmetric HO with

E=O\+X)/2

———+ @ -+

| = 1/2(—1—>\/2—|—>\’/2) or | = 1/2(—1—>\’/2—|—)\/2) .
The PT-spectral determinant is
2T

t(—=E,\,\) = FA-Hra- )

Starting from

d2
———|— (x —>\‘|——) Y(z, A\ k) =0

and setting

V(z, A p,0) =Y(x, N, p)Y(z, A, 0)
the resulting pseudo-differential operator has a term

(p - 0)2( d ) 1 1
1622 “dx” 22
This case is related to a SO(4) particular in a
SO(2n) family of high-order ordinary pseudo-differential

equations (Dorey, Dunning, Masoero, Suzuki, Tateo
(2006)).
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What we have learned?

e T he seemingly unphysical initial problem has a
nice interpretation in terms of a pair of stan-
dard Harmonic oscillators

(~ Pais-Uhlenbeck oscillator model studied by
Bender and Mannheim in arXiv:0706.0207 [hep-
th] ).

e Certain high-order ODEs with real spectra should
be considered more seriously!
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ABCD Bethe ansatz models and (pseudo) ODEs

For the A to G simple Lie algebras, the general
CFT Bethe ansatz equations are

" © QCabE_(b)
HQCab’YbQ ( z(b;/y) :_1, ’L:l,2,
b=1 Q(w(Q_C"bEi 77)

where r =rank(g) (g€ {An,...,G2}), Cyu is the

matrix
(a|b)

(maz|mazx) ’

Cab —

la) and |b) are simple roots and
(max|mazx) = Max({jlj)) G =1,...,r).

We parametrise €2 in terms of a real number >0
as

The roots of the BAE split into ‘multiplets’ with
equal |EZ.(“)| (strings).

The ground-state of the original quantum spin chain
usually corresponds to pure configurations with ‘mul-
tiplets’ of the same dimension d ( d -strings).

In the spin-j su(2) quantum chains d =27 .
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We first introduce the n'" -order differential oper-
ator

Dn(g) = D(gn-1 — (n—=1)) ... D(g1 — 1) D(go) ,
D)= (5 -7)
g = {gn—1; <o g1, gO} ) gT — {n_l_gov s 7n_1_gn—1} )

and
Pi(E,z) = (" M/E _ pHE

PS: K>1in A, d= K = 25 : Lukyanov’'s idea!

In general
d = K/Cll

15



The relevant pseudo-differential equations are:

su(n):
((=1)"Dn(g) — Pr)y(z) =0 ;
so(2n):
-1
(Dn<g*> (&) pute - Ve (5) Jp?) v() =0;
so(2n-+1):

(Du(&Due) + VP (5 ) Vi) () = 0

sp(2n):

d d\t
<Dn(gT) <%> D, (g) — Pk (%> PK> Y(r) =0 ;
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Az <— D3
D> <<— A1 P Ay

B1 <— A, (K even)

(gi=i, M=72, K=1) Dy B, A

By <— (5

Dualities

A, — Ay (K <~ —K)
and
D_, — Cy (K < —K/2)
similar to W-algebra dualities (Hornfeck 1994)
su(—n) g X su(—n), _ su(n)_g x su(n)g

Su(—n) k+p su(n) - K+

so(—2n)k x so(—2n), . sp(2n)_k /2 X sp(2n)g
50(—2n) k44 sp(2n) _ K o+

(see also Cvitanovic E-book)
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Conclusions

Maths: connection with classical W-algebras, Op-
ers in generalised KdV equations.

Physics: PT-symmetric QM, applications to condensed-
matter physics.
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