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Why XXZ?

@ QM system with finite-dim, P1 symmetric,
non-Hermitian Hamiltonian H
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@ Diagonalisable with real eigenvalues (after reduction)
= quasi-Hermitian
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Why XXZ?

@ QM system with finite-dim, P1 symmetric,
non-Hermitian Hamiltonian H

@ Diagonalisable with real eigenvalues (after reduction)
= quasi-Hermitian

@ Integrable, much studied, with several algebraic
symmetries

@ Can we find simple algebraic expression for 7, where

nH = H*n, n Hermitian, invertible, +ve?



Why XXZ Definition and properties of XXZ Algebraic structures of spin chain Algebraic Construction of  C' and C’

Why XXZ?

(]

QM system with finite-dim, PT symmetric,
non-Hermitian Hamiltonian H

Diagonalisable with real eigenvalues (after reduction)
= quasi-Hermitian

Integrable, much studied, with several algebraic
symmetries

(]

Can we find simple algebraic expression for 7, where
nH = H*n, n Hermitian, invertible, +ve?

@ Yes!
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The quantum group invariant XXZ model

N N
HVeVe  -V-osVeVe -V, V=C?

1N—1 (Uf_o-]zv)
H = 2 Z{Ufafﬂ + 030?4_1 +Ai(ofo — 1)} + A_#
i=1

qgtq!

where A4 = >
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The quantum group invariant XXZ model

N N

HVVR - V-oVeVe---QV, V = C2

N-1

1 .
H= 5 Z{Ufffﬁ-l -1—02?/0;/_‘_1 + Ay(oj07 1 — 1)}+A—w

=1

+ -1
where Ai:q 2q

Can be rewritten as

s 0 0 0
~ 0 —¢* 1 0

H_Z;E where E;= | e 0
= 0 0



If V= Cuvy @ Cou_ then standard inner product defined by
(vs; ® Vs, ® Usn s Vst ® Vs, ® Us§v> = Osy,8]
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If V= Cuv; @ Cu_ then standard inner product defined by
<Us1 & Vg, @ Usn s Vst @ Vs, @ Us§v> = 531,3’1 T 551\773?\/'

Whence

0 0 0 O
=1
B — 0 —¢q 1_ 0
! 0 1 —-q 0
0 0 0

¢qER = H=H* q¢qcS' = H#H" [from now on]
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If V= Cuv; @ Cu_ then standard inner product defined by
<Us1 @ Vs, @ Usn s Vst ® Vs, ® Us§v> = 531,3’1 T 551\773?\/'

Whence

¢qER = H=H* q¢qcS' = H#H" [from now on]
P and T defined to act in obvious way as

Pus) @ vs, Qvsyy = Usy @ Usy_; @ Vg

T)\(vsl ® Vs, @ USN) = )\(vsl ® Vs, @ USN)
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If V= Cuv; @ Cu_ then standard inner product defined by
(Vs ® Vs, ® Vs, Vg) ® Vgy @ Vgr ) = gy g1+ 05 51 -

Whence

0 0 0 O
=1
B — 0 —¢q 1_ 0
! 0 1 —-q 0
0 0 0

¢qER = H=H* q¢qcS' = H#H" [from now on]
P and T defined to act in obvious way as

Pus) @ vs, Qvsyy = Usy @ Usy_; @ Vg

T)\(vsl ® Vs, @ USN) = )\(vsl ® Vs, @ USN)
Then we have

PE; = EY ,P, TE; =ET = [PT,H]=0
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[PT,H] =0 == all eigenvalues real or come in complex
conjugate pairs.

Known properties

@ When ¢ € S! not a root of unity, H diagonalisable with
real spectrum.

@ When ¢ a root of unity, non-trivial Jordans blocks, but
after a suitable reduction of space, diagonalisable with
real spectrum.
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Finite dim, diagonalisable H with real spectrum is
quasi-Hermitian, i.e., there exists 17, Hermitian, invertible,
+ve, such that nH = H*n.

Such an 7) defines new inner product (-, ), := (-,n-), wrt
which H Hermitian.
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Finite dim, diagonalisable H with real spectrum is
quasi-Hermitian, i.e., there exists 17, Hermitian, invertible,
+ve, such that nH = H*n.

Such an 7) defines new inner product (-, ), := (-,n-), wrt
which H Hermitian.

We find 7 for ¢ = exp(im/r) when
@ r integer > 2
Q@ r € R irrational > N.
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Algebraic structures

The Temperley-Lieb Algeba T'L

Generated by {e1,e2,--- ,en_1} with relations
612 = —(q + q_l)ei, €i€it1€; = €5, €;6; = €;€; for |’L — ]| > 1

The E; form a representation of the Temperley-Lieb algebra.



Why XXZ Definition and properties of XXZ Algebraic structures of spin chain Algebraic Construction of  C' and C’

Algebraic structures

The Temperley-Lieb Algeba T'L

Generated by {e1,e2,--- ,en_1} with relations
612 = —(q + q_l)ei, €i€it1€; = €5, €;6; = €;€; for |’L — ]| > 1

The E; form a representation of the Temperley-Lieb algebra.

The Hecke Algeba Hy

Hy algebra gen. by {b1,b2,--- ,by_1} with relations

(i + q)(bi — ) =0, bibip1b; = biy1bibiy1, bib; =bjb; |i —j| > 1
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Algebraic structures

The Temperley-Lieb Algeba T'L

Generated by {e1,e2,--- ,en_1} with relations
612 = —(q + q_l)ei, €i€it1€; = €5, €;6; = €;€; for |’L — ]| > 1

The E; form a representation of the Temperley-Lieb algebra.

The Hecke Algeba Hy

Hy algebra gen. by {b1,b2,--- ,by_1} with relations
(i + q)(bi — ) =0, bibip1b; = biy1bibiy1, bib; =bjb; |i —j| > 1

There is a homomorphism Hy — T Ly, b — e; +q 1
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Algebraic structures

The quantum group Uy(sl»)

Generated by {sT,¢**"} with relns

q2sz o q—2sz . .
[8+,8_] — —, qs Siq—s — qilsi
q—4q
SZ

¢ q° =1=q"q

s?
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Algebraic structures

The quantum group Uy(sl»)

Generated by {sT,¢**"} with relns

q23z _ q—23z . .
[8+,8_] — —, qs Siq—s — qilsi
q—4q
qszq—sz —1= q—szqsz

There is a representation

7

]. (e Uz CTZ Uz
SZ:EZUZ’ Si:Zq5®®qT ®0Z'i®q_7®®q_7
7

and [H,S*] =0 = [H, 5.
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q generic

V&N decomposes wrt U,(sl,). e.g. for N =2 we get a
‘triplet’ and ‘singlet’.

Each irred repn p; in V®N is characterised by a path

J = (jl = 57]27"' 7]N)7 Ji 207 Ji+1 :jlil




Basis vectors
lj:m),

m € {jn,jn —1,---,—jn} all known explicitly
eg. N=2:
1 1
triplet ]5,1;1>, |

1
By 1;07 _71;_
27 > ’2

1
1) and singlet |§ 0;0)

DA
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Basis vectors
lj;m), me{jn,jn—1,---,—jn} all known explicitly

eg N =2

1 1 1 1
triplet |§,1;1>, |§,1;O>, |§,1;—1> and singlet |§,0;0>

Find S[j;m) = cmjyliim £1), S7[jim) = ¢"|j;m)
and Ei[j;m) = 6j, g,y > djgrlits sl s inim)
J! v

So Uy(sl2) and T' L commute.



Consequences:

some Pj mix

When ¢ = exp(im/r), r integer, we find (ST)" = 0.

some p; reducible under action of Ug(sl2)
H=>3

N

E; not diagonalisable.
1=1
To fix all such problems for r > 3:

throw out all paths j with any j; > (r — 1) /2.
Called

«O>» «4F» « =>»
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¢ = +1

When g = exp(im/r), r integer, we find (ST)" = 0.
Consequences:

Q some p; mix

@ some pj reducible under action of Ug(sl»).

N
© H = ) E; not diagonalisable.
i=1
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¢ = +1

When ¢ = exp(in/r), r integer, we find (ST)" = 0.
Consequences:
Q some p; mix

@ some pj reducible under action of Ug(sl»).

N
© H = ) E; not diagonalisable.
i=1

To fix all such problems for r > 3:
throw out all paths j with any j; > (r — 1)/2.

Called quantum group reduction.
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Conventional Approach to n

Find bi-orthormal set |¢;) and |¢;) s.t.

H|gi) = Nil i),  H i) = Nilti), (il gy) = dije
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Conventional Approach to n

Find bi-orthormal set |¢;) and |¢;) s.t.
H|¢i) = Ail¢a),  H'[pi) = Ails), (Wil @) = 045
Then

n= Z |1i){(1;| Hermitian, invertible, +ve and nH = H™np
i

Works, but impractical.
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Algebraic approach to n

Choose bi-orthornormal set [j; m), |j;m)? := Tj; m) where
j is restricted path.

By construction, satisfy

T<j? m‘j/; m/> = 5j,j’5m,m’
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Algebraic approach to n

Choose bi-orthornormal set |j; m), |j; m)”

j is restricted path.

:=T|j;m) where

By construction, satisfy
Tiimli'sm') = 63,5 0mm

Define: n = > T|j,m)(j, m|T

j?m
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Algebraic approach to n

Choose bi-orthornormal set [j; m), |j;m)? := Tj; m) where

j is restricted path.
By construction, satisfy
Timli'sm') = 85 8mm
Define: n = 3= 7lj,m) (3, m["
j?m
We have nlj,m) = |j,m)”  but linear.  Properties:

1)t =>"1j,m)§G,m| 2)n Hermitian 3) 7 +ve.
jm

What about nH = H*n?



nH = H*n follows from:

Proposition: nE;|j,m) = Efn|j, m)

DA
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nH = H*n follows from:
Proposition: nE;|j,m) = Efnl|j, m)
Proof: Recall
Eiljim) = 6y jia 2 djiglins - 500 dnim).
]/
Crucial point is that dj, ;- are real for restricted paths.

Hence

nEiU7m> = TEi|j7m> = E:T|Jvm> = E:U‘J7m>



n=>"Tj,m){j,m|T explicit. More algebraic expression?

J,m

We have
nk; = En
nsS (ST)*n

Hence [, TLn] # 0 and [n, Uy(sl2)] # 0. Bummer.

However, simple calculation shows
RE; = Ef R where

R(vs, ® - @Usy) = V_gy ® - @ V_sp
PS* = (ST)*P
Hence 1) [Rn,TLy] = 0 which = [Rn, Hn] =0

2) [P, U,(sl2)] = 0.

«O>» «4F» « =>»

<

v
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C and '

n=>_"Tj,m){j,m|T explicit. More algebraic expression?
j?m
We have
o nk; = En
o 7S+ = (ST)"n
Hence [, TLy] # 0 and [n, Uy(sl2)] # 0. Bummer.



Why XXZ Definition and properties of XXZ Algebraic structures of spin chain Algebraic Construction of n C and C’

C and C'
n=>_"Tj,m){j,m|T explicit. More algebraic expression?
j?m
We have
o nk; = En

o 1St = (SF)n
Hence [, TLy] # 0 and [n, Uy(sl2)] # 0. Bummer.
However, simple calculation shows

o RE; = E R where

R(US1 ®®USN) :U—Sl ®“'®U—SN

e PST = (ST)*pP

Hence 1) [Rn,TLy] = 0 which = [Rn,Hy] =0
2) [Pn,Uy(sl2)] = 0.



Defining C' = Rn and C = Pp, identify

C" as element of Ugy(sly)
C' as element of Hy.

Further properties: [C,C'] =0, C? = 0 = 1.
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Defining C/ = Rn and C' = Pp, identify

C" as element of Uy(sly)
C' as element of Hy.

Further properties: [C,C'] =0, C? = 0 = 1.

C/

C'ljim) = (~1)2 9% |j; —m)

and we can write simply in terms of ST and S%.
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C
C satisfies CE; = Ey,_,C.

Also have BE; = Ey;_,B where B is complete braid
element of the Hecke Algebra

B = pBnBN_1---P1 where B, = byb,—1---b1.

i i+1



Why XXZ Definition and properties of XXZ Algebraic structures of spin chain Algebraic Construction of n C and C’

C
C satisfies CE; = Ey,_,C.

Also have BE; = Ey;_,B where B is complete braid
element of the Hecke Algebra

B = pBnBN_1---P1 where B, = byb,—1---b1.

Thus CB~1 is central, and so constant on each T'Ly irrep.

We find

N(N—4)

C = qﬁfsz(jN‘Fl)B
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g not a root of unity

H believed to be diagonalisable with real eigenvalues
Vq € St

Key requirement for our i construction was that dj, ;- in
. . -/ . .
Ei|-]; m> = 5ji—1,ji+1 Z dji,j’|.71> s J st N m>
j/

are real. We find

Real for qi”/’”, r>N v
Not real for ¢"™/", r < N X



Summary and questions

@ Explicit construction for 7 that doesn't require
eigenvectors

DA
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Summary and questions

@ Explicit construction for 1) that doesn't require
eigenvectors

@ Natural to introduce C' = Pn and C' = Ry.
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Summary and questions

@ Explicit construction for 1) that doesn't require
eigenvectors

@ Natural to introduce C' = Pn and C' = Ry.

@ C and C' have nice purely algebraic expressions.
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Summary and questions

@ Explicit construction for 1) that doesn't require
eigenvectors

@ Natural to introduce C' = Pn and C' = Ry.
@ C and C' have nice purely algebraic expressions.

@ Other models, e.g. Pott's, have Hamiltonian expressed
in terms of T'L generators in similar way. Similar
approach should be possible.
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Summary and questions

@ Explicit construction for 1) that doesn't require
eigenvectors

@ Natural to introduce C' = Pn and C' = Ry.
@ C and C' have nice purely algebraic expressions.

@ Other models, e.g. Pott's, have Hamiltonian expressed
in terms of T'L generators in similar way. Similar
approach should be possible.

@ What about g not a root of unity outside our wedge?
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