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P T -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Why is Hermiticity a good property to have?

@ Hermiticity ensures the reality of the energies
Schrédinger equation H|y) = E[y) , (¢|HT = E*{(¢)|

(WIH[P) = E (4] ¢)

(W HT [p) = E* ()| ¢>} =0=(E-E) W[y
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Why is Hermiticity a good property to have?

@ Hermiticity ensures the reality of the energies
Schrédinger equation H|wp) = E|y) , (w|HT = E* ()|

(WIH[P) = E (4] ¢)

(| HY [9) = E* (3| ¢>} = 0=(E—-E") (¥ v¥)

@ Hermiticity ensures conservation of probability densities

(1)) = e~ y(0))
(W) (1) = ((0)] eM'te~ M [(0)) = (1(0)] ¥(0))
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P T -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Why is Hermiticity a good property to have?

@ Hermiticity ensures the reality of the energies
Schrédinger equation H|wp) = E|y) , (w|HT = E* ()|

(WIH[P) = E (4] ¢)

(Y| HY [4) = E* (4] 1/)>} = 0=(E - E")(¥| ¥)

@ Hermiticity ensures conservation of probability densities

[0 (t)) = e 14(0))
(w(t)] () = ((0)| €& 1(0)) = (1(0)] ¥(0))

- Thus when H # H' one usually thinks of dissipation.
- However, these systems are in general open and do not possess
a self-consistent description. (As much as QM is self-consistent.)
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P T -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Both properties can be achieved in a non-Hermitian theory

@ Wigner: Operators O which are left invariant under an antilinear
involution Z and whose eigenfunctions ¢ also respect this
symmetry,

[0,7]=0 A Io=0

have a real eigenvalue spectrum.?

2E. Wigner, J. Math. Phys. 1 (1960) 409
b
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Both properties can be achieved in a non-Hermitian theory

@ Wigner: Operators O which are left invariant under an antilinear
involution Z and whose eigenfunctions ¢ also respect this
symmetry,

[0, 7]=0 A Io=0

have a real eigenvalue spectrum.?

@ By defining a new metric also a consistent quantum mechanical
framework has been developed for theories involving such
operators.?

2E. Wigner, J. Math. Phys. 1 (1960) 409

bF Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74
C. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243
A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814
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P T -symmetric quantum mechanics - time-independent H Hermiticity is only a sufficient but not a necessary requirement

Both properties can be achieved in a non-Hermitian theory

@ Wigner: Operators O which are left invariant under an antilinear
involution Z and whose eigenfunctions ¢ also respect this
symmetry,

[0,7]=0 A Io=0

have a real eigenvalue spectrum.?

@ By defining a new metric also a consistent quantum mechanical
framework has been developed for theories involving such
operators.?

In particular this also holds for © being non-Hermitian.

2E. Wigner, J. Math. Phys. 1 (1960) 409

bF Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74
C. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243
A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

The seminal classical example

H = %pz +x%(ix)°  foreeR

Fs | e real eigenvalues forc > 0
.~ 1 @ exceptional points for ¢ < 0

Energy

-1 0 1 1 3

C.M. Bender, S. Boettcher, Phys. Rev. Lett. 80 (1998) 5243
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Lattice Reggeon field theory

H=3 [Aa ar+ igal(a; + a)a; + gz (al, ;- al)(aw;— a)

- a}, ar are creation and annihilation operators, A, g, g€ R 2

2J.L. Cardy, R. Sugar, Phys. Rev. D12 (1975) 2514
b
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Lattice Reggeon field theory

H=3 [Aa ar+ igal(a; + a)a; + gzq(azﬂ al)(ar s — a)

- a}, ar are creation and annihilation operators, A, g, g€ R 2
- for one site this is almost ix3
H = Aa'a+ igal (a+ aT) a
1/, X« . - "
= 3 (p2+x2—1> +/5é(x3+p2x 2% +ip)
with a = (wX + ip)/v2w, a' = (wk — ip)/V2w ?

2J.L. Cardy, R. Sugar, Phys. Rev. D12 (1975) 2514
5P Assis, A. Fring, J. Phys. A41 (2008) 244001
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

1 N .
H =5 Zi:1 of +Xofof +ihof AN heR

G. von Gehlen, J. Phys. A24 (1991) 5371
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

1 N .
H =5 Zi:1 of + Xofofq +iho? X heR

G. von Gehlen, J. Phys. A24 (1991) 5371

Field theories

-1y som m? ¢
=50u¢ ¢+?zk:a Nk exp(Bo - @)

a =1 = conformal Toda field theory (Lie algebras)
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

1 N .
H =5 Zi:1 of +Xofof +ihof AN heR

G. von Gehlen, J. Phys. A24 (1991) 5371

Field theories
1 m? «—¢
— 1 __ .
L =50.00"¢ + P2 Zk:a Ny exp(Boy - §)
a = 0 = massive Toda field theory (Kac-Moody algebras)
£ € R = no backscattering
P T -symmetry in nonlinear systems Wolfram Physics Project 7/50



P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

1 N .
H =5 Zi:1 of +Xofof +ihof AN heR

G. von Gehlen, J. Phys. A24 (1991) 5371

Field theories

-1y som m? ¢
=50u00"¢ + ?Zk:a Nk exp(fak - ¢)

a = 0 = massive Toda field theory (Kac-Moody algebras)
£ € R = no backscattering
B € iR = backscattering (Yang-Baxter, quantum groups)
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Quantum spin chains (c=-22/5 CFT)

1 N .
H =5 Zi:1 of +Xofof +ihof AN heR

G. von Gehlen, J. Phys. A24 (1991) 5371

Field theories

-1y som m? ¢
=50u00"¢ + ?Zk:a Nk exp(Bag - ¢)

a = 0 = massive Toda field theory (Kac-Moody algebras)
£ € R = no backscattering
B € IR = backscattering (Yang-Baxter, quantum groups)

Strings on AdSs x S®-background

A. Das, A. Melikyan, V. Rivelles, JHEP 09 (2007) 104
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Deformed space-time structures
- deformed Heisenberg canonical commutation relations

aa — g?ala= qIM), with N = afa

v

Andreas Fring P T -symmetry in nonlinear systems Wolfram Physics Project 8/50




P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Deformed space-time structures
- deformed Heisenberg canonical commutation relations

aa — g?ala= qIM), with N = afa

X:aaT—i-ﬁa, P:I'ya.l-_léaa 047577756R

(X, P] = ihg?™(as + B7)

in(g*—1) 2 2 ;
Ay (57)( +af P? + iadXP — /mPX)

v
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Deformed space-time structures
- deformed Heisenberg canonical commutation relations

aa’ — g?afa= g9, with N = a'a

X:aaT—i-ﬁa, P:I'ya.l-_,éaa 047577756R

(X, P] = ihg?™(as + B7)

in(g*—1) 2 2 ;
Ay (57)( +af P? + iadXP — /mPX)

~limit: 8 — a, 6 — 7, g(N) = 0, g — €™, v = 0

X, Pl = in (1+7P?)

v
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Deformed space-time structures
- deformed Heisenberg canonical commutation relations

aa’ — g?afa= g9, with N = a'a

X:aaT—i-ﬁa, P:I'ya.l-_,éaa a757775€R

(X, P] = ihg?™(as + B7)

in(g*—1) 2 2 ;
Ay (57)( +af P? + iadXP — /mPX)

~limit: 8 — a, 6 — 7, g(N) = 0, g — €™, v = 0
X, Pl = in (1+7P?)

- representation: X = (1 +7p2)xo, P = po, [Xo, Po] = ik

v
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

- with the standard inner product X is not Hermitian
X'=X+2ritP  and P! =P

B. Bagchi and A. Fring, Phys. Lett. A373 (2009) 4307
D. Dey, A. Fring, B. Khantoul, J. Phys. A: Math. and Theor. 46 (2013) 335304

Andreas Fring P T -symmetry in nonlinear systems Wolfram Physics Project 9/50
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- = H(X, P) is in general not Hermitian
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

- with the standard inner product X is not Hermitian

X =X+27ihP and P'=P

- = H(X, P) is in general not Hermitian
- example harmonic oscillator:

Hho =

P2 mw?

_ 4 X2

om T T2

ps | mw? 2 2
> + 5 (1 +7p5)x0(1 + 7P5)X0
Pz muw?

S8 o | (14 7pR)2E -+ 2ilmpo(1 + T8 )Xo

B. Bagchi and A. Fring, Phys. Lett. A373 (2009) 4307

D. Dey, A. Fring, B. Khantoul, J. Phys. A: Math. and Theor. 46 (2013) 335304
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

- with the standard inner product X is not Hermitian
X'=X+2ritP  and P! =P

- = H(X, P) is in general not Hermitian
- example harmonic oscillator:

P2 muw?
Ho = o+ —X°
ho om + 2 ’
pg mw? 2 2
o+ (1 4+ 7P8)x0(1 + 7P5)X0
2 2
p mw i
= B0 T (44 R + 2ifmpo(t + 7R

- but also Hermitian representations exist:

]
X=xg and P= Ftan(ﬁm)

B. Bagchi and A. Fring, Phys. Lett. A373 (2009) 4307
D. Dey, A. Fring, B. Khantoul, J. Phys. A: Math. and Theor. 46 (2013) 335304
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P T -symmetric quantum mechanics - time-independent H Seminal and pre-historic examples in the literature

Dynamical noncommutative space-time

[X07.y0] = /9, [X07pX0] = Ih7 [}’O,Pyo] = Ih,
[pXovpyo] = Oa [X07p}/o] = O) [yOapxo] = O’

replaced by (0 € R)
(X, Y] =i0(1 +7Y?) [X,P] =ih(1+71Y?)
[Y,P,] =ih(1+7Y?) [X,P)]=2irY(0P, + hX)
[Px,Py]:O [Y7px]:0

= Non-Hermitian representation

X=(1+7¥8)% Y=Y Pi=px, Py=0+78)py

Xt =X+2ir0y Y=Y P)=P,—2irhY P} =P,
y y

A. Fring, L. Gouba, F. Scholtz, J. Phys. A: Math and Theor. 43 (2010) 345401
A. Fring, L. Gouba, B. Bagchi, J. Phys. A: Math and Theor. 43 (2010) 425202
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P T -symmetric quantum mechanics - time-independent H Spectral analysis

How to explain the reality of the spectrum?
@ Pseudo/Quasi-Hermiticity
Q PT-symmetry
© Supersymmetry (Darboux transformations)
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Pseudo/Quasi-Hermiticity

Pseudo/Quasi-Hermiticity

h=nHyp ' =h' = ") H < Hp=pH p=nn ()

v
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Pseudo/Quasi-Hermiticity

Pseudo/Quasi-Hermiticity

h=nHyp ' =h' = ") H < Hp=pH p=nn ()

ho=E¢p=nHn '¢=E¢p=Hn '¢=En '¢=Hp=Epy:=n"¢

v
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P T -symmetric quantum mechanics - time-independent H

Pseudo/Quasi-Hermiticity

Spectral analysis - Pseudo/Quasi-Hermiticity

h=nHn ' =h' = ) H'" & Hp=pH p=n'y

ho=E¢p=nHn '¢=E¢p=Hn '¢=En '¢=Hp=Epy:=n"¢

H' = pHp™' | H'p=pH H' = pHp™!
positivity of p v v X
p Hermitian v v v
p invertible v X v
terminology *) quasi-Herm. 2 | pseudo-Herm.?
spectrum of H real could be real real
definite metric | guaranteed guaranteed not conclusive

2. Dieudonné, Proc. Int. Symp. (1961) 115
F. Scholtz, H. Geyer, F. Hahne, Ann. Phys. 213 (1992) 74
bM. Froissart, Nuovo Cim. 14 (1959) 197
A. Mostafazadeh, J. Math. Phys. 43 (2002) 2814

v
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:Xx=X,p——p,i = —I)
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTOA® + pu¥) = N*PTo + 1*PTV A\ peC
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:

[H,PT]=0 A PTd=¢ =c=c" forHd=cd
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@ P7T is an anti-linear operator:
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Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:
[H,PT]=0 A PTd=¢ =c=¢" forHd =:c0

@ Proof: e = Ho
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:
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@ Proof: e® =HO =HPT O
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:
[H,PT]=0 AN PTOd=¢ =c=c" forHd=cd

@ Proof: e = HO =HPTd =PTHD
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Unbroken PT-symmetry guarantees real eigenvalues
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPT+ p*PTV A\peC
@ Real eigenvalues from unbroken P7-symmetry:

[H,PT]=0 A PTd=¢ =c=c" forHd=cd

@ Proof: e® =H® =HPTP =PTHP=PTcd =c"PTP
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Unbroken PT-symmetry guarantees real eigenvalues

@ PT-symmetry: PT: X——X p—>p i——i
(P:x—=—x,p—=—p; T:X—=X,p——p,i = —I)
@ P7T is an anti-linear operator:

PTAP + pV) = NPTO + p*PTV AueC
@ Real eigenvalues from unbroken P7-symmetry:

[(H,PT]=0 A PTo=0 =c=c" for Ho =cd

@ Proof: c® =HP =HPTS =PTHS=PTecd=c"PTP=c"
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d

@ Instead
[H,PT]=0 A PTd=d,

H¢1 = &1 (D1 Hq)g = 62492
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d

@ Instead
[H,PT]=0 A PTd =0,

H¢1 = &1 (D1 Hq)g = 52492
= PTHO1 =PTe1® = HPTP = E?PT¢1 = Hoy = E:q)g
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d

@ Instead
[H,PT]=0 A PTo;=0d,

H¢1 = &1 ¢>1 Hq)g = €2¢'2

= PTHO1 =PTe1® = HPTP = E?PT¢1 = Hb, = E;‘CDQ
The eigenvalues of 4 and ¢, form a complex conjugate pair.
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d

@ Instead
[H,PT]=0 A PTby=0d,

H¢1 = &1 (D1 Hq)g = €2¢2

= PTHO1 =PTe1® = HPTP = E?PT¢1 = Hoy = E:q)g
The eigenvalues of 4 and ¢, form a complex conjugate pair.

@ The point in parameter space where the P7-symmetry
spontaneously breaks is referred to as exceptional point.
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

Spontaneously broken P7-symmetry gives conjugate eigenvalues
@ Spontaneously broken PT-symmetry:

[H,PT]=0 A PTO#0d

@ Instead
[H,PT]=0 A PTd =0,

H¢1 = &1 (D1 Hq)g = 52492

= PTHO1 =PTe1® = HPTP = E?PT¢1 = Hoy = E:q)g
The eigenvalues of 4 and ¢, form a complex conjugate pair.

@ The point in parameter space where the P7-symmetry
spontaneously breaks is referred to as exceptional point.

PT-symmetry is only an example of an antilinear operator.
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Broken and unbroken P 7 -symmetry

PT-symmetry versus spontaneously broken P7-symmetry

EQ)
q [PT,H]=0

PT(D1=(D1, E1G|R

2/\ 7 “;’//’—
1} vl
l//// % F)T-(D1 = (D2, € = EE

1 70 3 )

-2 PT ®,=®,, 6,eR

real parts are solid lines, imaginary parts are dotted lines

A

_¢I
_¢2
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H=H,oH =QQa QQ
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H=H,oH =QQa QQ
e intertwining operators: QH_ = H,.Q and QH, = H_Q

= [H,Q=[H,Q =0
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H=H,oH =QQa QQ
e intertwining operators: QH_ = H,.Q and QH, = H_Q
= [H.Q=[HQ=0
o realization: Q= & + Wand Q= -2 + W

= Hi=-A+WH+W =-A+V,
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H=H,oH =QQa QQ
e intertwining operators: QH_ = H,.Q and QH, = H_Q
= [H.Q=[HQ=0
o realization: Q= & + Wand Q= -2 + W
= Hi=-A+WPEtW=-A+V,

e ground state: H_¢, =¢,¢, and H_¢, =0
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P T -symmetric quantum mechanics - time-independent H Spectral analysis - Supersymmetry (Darboux transformation)

Supersymmetry (Darboux transformation)
Decompose Hamiltonian H as:

H=H,oH =QQa QQ
e intertwining operators: QH_ = H,.Q and QH, = H_Q
= [H.Q=[HQ=0
o realization: Q= & + Wand Q= -2 + W
= Hi=-A+WPEtW=-A+V,

e ground state: H_¢, =¢,¢, and H_¢, =0
=-isospectral Hamiltonians

HP' = A+ VD + Ep, HPOF = E,0f forn>m

H™ non-Hermitian and HT Hermitian when ReW = 10y In(ImW).
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework

How to formulate a quantum mechanical framework?
@ orthogonality
© observables
© uniqueness
© technicalities (new metric etc)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
e Take hto be a Hermitian and diagonalisable Hamiltonian:

<¢n|h¢m> = <h¢n‘ ¢m>

|hom) =em  |dm)
(hop | = &5 (®nl

v
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
e Take hto be a Hermitian and diagonalisable Hamiltonian:

<¢n|h¢m> = <h¢n‘ ¢m>

<¢n ‘h¢m> =&m <¢n ‘¢m>
(hén|dm) = en{@nl om)

v
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
e Take hto be a Hermitian and diagonalisable Hamiltonian:

<¢n|h¢m> = <h¢n‘ ¢m>

<¢n ‘h¢m> =Em <¢n ‘¢m> B e
(hp| dm) = b (Dnl dm) } = 0= (em —p) (dnlom)

v
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
e Take hto be a Hermitian and diagonalisable Hamiltonian:

<¢n|h¢m> = <h¢n‘ ¢m>

<¢n ‘h¢m> =Em <¢n ‘¢m> _ e
(N6n| bm) = =5 (0] Om) } = 0= (em =) (6n|Pm)

= n=m: ep=c¢; n<m: {(¢,|om =0

v
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

Orthogonality
e Take hto be a Hermitian and diagonalisable Hamiltonian:

<¢n|h¢m> = <h¢n‘ ¢m>

<¢n ‘h¢m> =Em <(]5n ‘¢m> _ .
(N6n| bm) = =5 (0] Om) } = 0= (em =) (6n|Pm)

= n=m: ep=c¢; n<m: {(¢,|lom =0
e Take H to be a non-Hermitian Hamiltonian:

H|®p) = en|®Pn)
- reality and orthogonality no longer guaranteed. Define
<¢n‘¢m>n = <¢n\772¢m>

-where (0 [H®p), = (HOn[®m), = (®n|®m), = dnm
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:
h=nHy™' =h' =@ ")'H" < Hnln=nlnH
o=nl¢ pl=y
= H is Hermitian with respect to the new metric




P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=no gl=gp

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (V[*Ho)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=nlo gl=n

= H is Hermitian with respect to the new metric
Proof:

(WH®), = (W [P H) = (n "w|nPHny o)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:
h=nHy™' =h' =@ ")'H" < Hnln=nlnH
d=n¢o pl=y

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (W[nPH®) = (™" plnPHn~" ¢) = (v [nHn ™" ¢)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:
h=nHy ' =h =@ "YH & Higlp=nTnH
o=nl¢ pl=y

= H is Hermitian with respect to the new metric
Proof:

(WH®), = (W [n?H) = (n~ "w|nPHn ") = (¥ [nHn " '¢) =
(¥ |h)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:
h=nHn ' =h' = ")H < Hyin=ningH
d=np pl=g

= H is Hermitian with respect to the new metric
Proof:

(WH®), = (W [n?H) = (n~ "w|nPHn ") = (¢ [nHn " '¢) =
(¥ |hg) = (h| §)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy ' =h =@ "YH & Higlp=nTnH

d=no gl=gp

= H is Hermitian with respect to the new metric
Proof:

(WH®), = (W [n?H) = (n~ "w|nPHn ") = (¢ [nHn " '¢) =
(W |he) = (M| ¢) = (nHn "p|¢)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=no gl=9

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (WPH®) = (n~"pln*Hn ™" ¢) = (¢ [nHn ™" ¢) =
(¥ |hg) = (hp| @) = (nHn~"p|g) = (HV[1¢)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=nlo gl=n

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (V[P H®) = (" "pln?Hy~'¢) = (i [nHn~"¢) =
(6 1h8) = (el @) = (nHn~"lg) = (HY|ng) = (HV|17®)
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=no gl=gp

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (W [nPH®) = (n~"y[nPHn " ¢) = (4 [nHn~"¢) =

(6 1) = (ol @) = (nHn~"Ulg) = (HY|ng) = (HW|1?®)
= (HV|®),
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Orthogonality

H is Hermitian with respect to new metric
e Assume pseudo-Hermiticity:

h=nHy " =h' = ") H < Hiylp=nnH

d=no gl=gp

= H is Hermitian with respect to the new metric
Proof:

(W[H®), = (V[P H®) = (" "pln?Hy~'¢) = (i [nHn~"¢) =
(6 1) = (ol @) = (nHn~"Ulg) = (HY|ng) = (HW|1?®)
= (HV|®),

Using the same reasoning as in the Hermitian case:
= Eigenvalues of H are real, eigenstates are orthogonal
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Observables

Observables
@ Observables are associated to self-adjoint (Hermitian) operators

(¥ ]og) = (0]¢)

@ Observables in the non-Hermitian system are associated to
self-adjoint (Hermitian) operators O with a re-defined metric

(V|09), = (W[n'nod) = (OV[n'ne) = (OV[P),

= observables O in the non-Hermitian system are
pseudo/quasi-Hermitian with regard to the observables o in the
Hermitian system:

0= 77_1077 & of = p(?p_1
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Observables

Observables
@ Observables are associated to self-adjoint (Hermitian) operators

(¥ ]og) = (0]¢)

@ Observables in the non-Hermitian system are associated to
self-adjoint (Hermitian) operators O with a re-defined metric

(V|09), = (W[n'nod) = (OV[n'ne) = (OV[P),

= observables O in the non-Hermitian system are
pseudo/quasi-Hermitian with regard to the observables o in the
Hermitian system:

0= 77_1077 & of = p(?p_1

Examples: In H = }p? + ix® x, p are not observables,
but X = n~"xn, P =n"pn are.
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Construction of p and

General technique, construction of metric and Dyson maps

either solve nHn='=h for n = p=1n'y

® Given H{ or solve H' = pHp™" for p =n=,/p
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Construction of p and

General technique, construction of metric and Dyson maps
either solve nHn='=h for n = p=1n'y
or solve H' = pHp™" for p =n=,/p
@ involves complicated commutation relations

@ Given H{
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General technique, construction of metric and Dyson maps
either solve nHn='=h for n = p=1n'y
or solve H' = pHp™" for p =n=,/p
@ involves complicated commutation relations

@ often this can only be solved perturbatively

@ Given H{

Andreas Fring PT -symmetry in nonlinear systems Wolfram Physics Project 21/50



P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Construction of p and

General technique, construction of metric and Dyson maps
either solve nHn='=h for n = p=1n'y
or solve H' = pHp™" for p =n=,/p
@ involves complicated commutation relations

@ often this can only be solved perturbatively

@ Ambiguities:
Given H the metric is not uniquely defined for unknown h.
= Given only H the observables are not uniquely defined.
This is different in the Hermitian case.
- Fixing one more observable achieves uniqueness. 2

@ Given H{

2Scholtz, Geyer, Hahne, , Ann. Phys. 213 (1992) 74
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P T -symmetric quantum mechanics - time-independent H Quantum mechanical framework - Construction of p and

General technique, construction of metric and Dyson maps
either solve nHn='=h for n = p=1n'y
or solve H' = pHp™" for p =n=,/p
@ involves complicated commutation relations

@ often this can only be solved perturbatively

@ Ambiguities:
Given H the metric is not uniquely defined for unknown h.
= Given only H the observables are not uniquely defined.
This is different in the Hermitian case.
- Fixing one more observable achieves uniqueness. 2

@ Given H{

2Scholtz, Geyer, Hahne, , Ann. Phys. 213 (1992) 74

Note:
@ Thus, this is not re-inventing or disputing the validity of quantum
mechanics. We only give up the restrictive requirement that
Hamiltonians have to be Hermitian.

v
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P T -symmetric quantum mechanics - time-independent H Worked out examples - finite dimensional Hilbert space

An example with a finite dimensional Hilbert space:
Two-level system

1 .
H= 5 [Wl+ Aoz + iko]

with eigensystem

._ /2_ 2
E¢:7%Wi% N—r2, oy = (FAE VA=)
K

v
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with eigensystem

._ /2_ 2
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P T -symmetric quantum mechanics - time-independent H Worked out examples - finite dimensional Hilbert space

An example with a finite dimensional Hilbert space:
Two-level system
1 )
H= 5 [Wl+ Aoz + iko]

with eigensystem

Erm ot 2022, o= [ (AEVN R
K

2 2
with PT-symmetry PT =710z, 7 1 — —i

[PT,H =0, and PTy,=—p, for |\l > |k|

v
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P T -symmetric quantum mechanics - time-independent H Worked out examples - finite dimensional Hilbert space

An example with a finite dimensional Hilbert space:
Two-level system

1 .
H= 5 [Wl+ Aoz + iko]

with eigensystem

,_ 2_ 2
Eo- il %z(’( A+ VA ,@))
K

2 2
with PT-symmetry PT =70z, 70 — —i
[PT,H =0, and PTy,=—p, for |\l > |k|
with broken PT-symmetry PT = 1oz, 7: 1 — —i

[PT,H =0,  PTeL#es [Al <]k

v
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P T -symmetric quantum mechanics - time-independent H Worked out examples - finite dimensional Hilbert space

An example with a finite dimensional Hilbert space:
Two-level system

1 .
H= 5 [Wl+ Aoz + iko]

with eigensystem

._ 2_ 2
Eo- il %z(’( A+ VA ,@))
K

2 2
with PT-symmetry PT =70z, 70 — —i
[PT,H =0, and PTy,=—p, for |\l > |k|
with broken PT-symmetry PT = 1oz, 7: 1 — —i

[PT,H =0,  PTeL#es [Al <]k

Claim: This system has real energies for |\(f)| < |x(t)]!
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P T -symmetric quantum mechanics - time-independent H Worked out examples - infinite dimensional Hilbert space

PT symmetrically coupled harmonic oscillator (co- dim Hilbert space)
Hk = aKi + bKo + iAKj, a,b\eR

with Lie algebraic generators
Kio= (B2+x2) /2, Ko=(PE+y2) /2, Ka=(x+pepy) /2
Ks = (Xpy —ypx) /2

[Ki,K2] =0, [Ki, K] = iKy,  [Ki, Kq] = —iKs,
(Ko, Ka] = —iKa,  [Ko, Ka] = iKs, [Ks, Ka] = i(K1 — K2)/2
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P T -symmetric quantum mechanics - time-independent H Worked out examples - infinite dimensional Hilbert space

PT symmetrically coupled harmonic oscillator (co- dim Hilbert space)
Hk = aKi + bKo + iAKj, a,b\eR

with Lie algebraic generators

Kio= (B2+x2) /2, Ko=(PE+y2) /2, Ka=(x+pepy) /2
Ks = (Xpy —ypx) /2

[Ki,K2] =0, [Ki, K] = iKy,  [Ki, Kq] = —iKs,
(Ko, Ka] = —iKa,  [Ko, Ka] = iKs, [Ks, Ka] = i(K1 — K2)/2

e Hy is PT-symmetric: [PT+,Hk] =0
PTi:X%ixsy—):Fyst%:FpX’p}/_)ipy’i—>_i
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P T -symmetric quantum mechanics - time-independent H Worked out examples - infinite dimensional Hilbert space

PT symmetrically coupled harmonic oscillator (co- dim Hilbert space)

with Lie algebraic generators

K = (pi + X2) /2, Kz = (pﬁ +y2) /2, Kg = (xXy + pxpy) /2
Ks = (Xpy —ypx) /2
[Ki, K] =0, [Ki, K] = iKy,  [Ki, Kq] = —iKs,

(Ko, Ka] = —iKa,  [Ko, Ka] = iKs, [Ks, Ka] = i(K1 — K2)/2

e Hy is PT-symmetric: [PT+,Hk] =0
PTi:X%ixsy—):Fyst%:FpX’p}/_)ipy’i—>_i
e Hy is quasi-Hermitian: hx = nHxn™!

hg = (a+ b) (Ky + K2) /2 +1/(a— b)2 — )2 (Ky — Kp) /2
Dison mai: g = 29K+, 9 = arctanh[\/(b — a)], PT-symm. |\| < |a — b|
Andreas Fring PT -symmetry in nonlinear systems Wolfram Physics Project 23/50
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P T -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

Theoretical framework (key equations)
Time-dependent Schradinger eqn for h(t) = hi(t), H(t) # Hi(t)

h0)o(t) = ilded(t),  and  H(OW(E) = ihdpV (1)

v
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P T -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

Theoretical framework (key equations)
Time-dependent Schradinger eqn for h(t) = hi(t), H(t) # Hi(t)

h(t)p(t) = ihorp(t), and H(H)W(t) = iho(t)
Time-dependent Dyson operator
o(t) = n(t)V(1)
= Time-dependent Dyson relation

h(t) = n(OH(E)n ™" () + inden(tyn (1)

v
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P T -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

Theoretical framework (key equations)
Time-dependent Schradinger eqn for h(t) = hi(t), H(t) # Hi(t)

h(t)g(t) = ihowp(t), and H(t)W(t) = ihosV(t)
Time-dependent Dyson operator
o(t) = n(t)V(1)
= Time-dependent Dyson relation
h(t) = n(t)H(tyn ™" () + indem(t)n ™~ (¢)
= Time-dependent quasi-Hermiticity relation
H'p(t) — p(t)H = ihdsp(t)

[from conjugating Dyson relation and p(t) := 7 (t)n(t))]

v
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P T -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

The Hamiltonian H(t) is nonobservable and not the energy operator

Recall: Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian system are quasi Hermitian

o(t) = n(H)O(t)n~ (1)

A. Fring, T. Frith, Phys. Rev. A 95 (2017) 010102
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P T -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

The Hamiltonian H(t) is nonobservable and not the energy operator

Recall: Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian system are quasi Hermitian

o(t) = n(H)O(t)n~ (1)

Then we have

{o(t) lo(t)e(1)) = (W(1) |p()O(1)W(1)) -

A. Fring, T. Frith, Phys. Rev. A 95 (2017) 010102
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P T -symmetric quantum mechanics - time-dependent H(t) Theoretical framework (key equations)

The Hamiltonian H(t) is nonobservable and not the energy operator

Recall: Observables o(t) in the Hermitian system are self-adjoint.
Observables O(t) in the non-Hermitian system are quasi Hermitian

o(t) = n()O(tyn~ ()
Then we have
(o(t) [o(t)p(t)) = (W (1) [p(H)O(t)W (1)) .

Since H(t) is not quasi/pseudo Hermitian it is not an observable.
The observable energy operator is

H(t) = 0" (h(t)n(t) = H(t) + it~ (£)9p(t).

A. Fring, T. Frith, Phys. Rev. A 95 (2017) 010102

Andreas Fring P T -symmetry in nonlinear systems Wolfram Physics Project 25/50



Applications Applications - Optics

Nature Physics volume 11, page 799 (2015)
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Helmholtz equation

in paraxial approximation:
i% + z‘kg%’ +kv(x)y =0
1 = envelope function of E
v(x)=n/ng —1

n = reflection index

ny = reflection index
k=nw/c

w = frequency

with z — ¢
this becomes formally
the Schrédinger equation
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Applications Applications - Mending the broken regime

Time-dependent coupled oscillators

H(t) = a(zt) (p§ +p; + X% + y2) + iA(Zt) (xy + pxpy), a(t), A(t) € R

Ansatz: .
7”([‘) = Hi71 e’Yl’(l‘)Ki7 v € R
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Applications Applications - Mending the broken regime

Time-dependent coupled oscillators

a(t) A(t)

H(t) = 5 (P)z( +P;2/ + X2 +y2> + iT (xy + pxpy), a(t), A(t) €

Ansatz: A
e ’Yl(t)l{l .
nt) =] _ e ser
Time-dependent Dyson equations is satisfied when
Constraint:
Y1 =72 =0Q1, 7Y3=—Acoshry,, 4= Atanh~ygsinh~yy,

Al sinh g (Ki — K2)

hlt) = a(t) (Ko + ko) + =5~ o
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Applications Applications - Mending the broken regime

Time-dependent coupled oscillators

a(t) A(t)

H(t) = 5 (P)z( +P;2/ + X2 +y2> + iT (xy + pxpy), a(t), A(t) €

Ansatz: .

n(t) = Hi71 e’Yi(t)Ki’ v € R
Time-dependent Dyson equations is satisfied when
Constraint:

Y1 =72=q1, 73 =—Acoshyy, J4=Atanhyzsinhyy,
A(t) sinh v,
= Ki + K: —— (K1 — K
h(t) = a(t) (K1 + K) + — Cosh%( 1 — Kz)

Solution: 4 = arcsinh (r sechy3), x(t) := cosh~s, k = const
with dissipative Ermakov-Pinney equation

. A . 2 /QZ,XE
— —Y — )\ =
=T Xx =3
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Applications Applications - Mending the broken regime

Instanteneous energies are real even in the broken P7T regime !
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Applications Applications - Entropy revival

Von Neumann entropy in P7-symmetric systems
statistical ensemble of states (density matrix):

on = Zipi i) (¢l

partial traces (for subsystems)

OhA = TrB(Qh):Zi<ni,B}Qh‘ni,B>
ong = Tra(en) :Zi<ni,A|Qh‘ni,A>

|nj,a), |ni,B) = eigenstates of the subsystems A, B

Andreas Fring P T -symmetry in nonlinear systems Wolfram Physics Project 29/50



Applications Applications - Entropy revival

Von Neumann entropy in P7-symmetric systems
statistical ensemble of states (density matrix):

on = Zipi i) (¢l

partial traces (for subsystems)

onhA = TrB(Qh):Z,<”i,B}Qh‘”i»B>

ong = Tra(en) = (nial n|nia)

)

|nj,a), |ni,B) = eigenstates of the subsystems A, B
Time evolution:
i0ton = [h, o4
It follows
i0roy = [h, op]
with

on=noxn "', h=nHn"+idmn~
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Applications Applications - Entropy revival

Therefore

OH = Zipi i) (Wil p

recalling that p = ntn, |¢;) = 1)
Von Neumann entropy

Sh=—tlpslnpp] =~ Ailnk=S§
Entropy of a subsystem
Sha=—tr[opalnonal = Z)\/Aln)\/A—SHA

An example: bosonic system coupled to a bath
N

N N
H=vala+v) qiga+(g+r)a > aqn+(g—r)ay_ qh

n=1 n=1 n=1

energy eigenvalues

+ \/ 2 2
E mN=Mm{vE Ny\/ g% — &
Andreas Fring PT -symmetry in nonlinear systems Wolfram Physics Project 30/50
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Applications Applications - Entropy revival

Von-Neumann entropy in the P77 symmetric regime

0.8|
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Applications Applications - Entropy revival

Von-Neumann entropy at the exceptional point

5
1.0,
0.8]

— N=2

— N=18

— N=28

— N=50
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Applications Applications - Entropy revival

Von-Neumann entropy in the broken P7T regime

o
L9,
0.8

\ — N=2

P9 — N=10

— N=20

0.4 — N=50
0.2)

&
0.0 0.5 Lo LS5 2.0

For more detail on this part of the talk see
A.Fring,"An introduction to PT-symmetric quantum mechanics —
time-dependent systems." arXiv:2201.05140 (2022).
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Reality of N-Soliton charges

The complex KdV equation equals two coupled real equations

Pt + 6P,Dx + Pxxx — 6qu =0
gt +6(pq), + Qo = 0

with u(x, t) = p(x, t) +iq(x, t), p(x,t), g(x,t) € R

U+ 6UUx + Uy =0 & {
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Reality of N-Soliton charges

The complex KdV equation equals two coupled real equations

Pt + 6P,Dx + Pxxx — 6qu =0
gt +6(pq), + Qo = 0

with u(x, t) = p(x, t) +iq(x, t), p(x,t), g(x,t) € R
@ Unifies some know special cases:
- for (pqg), — pQgx: complex KdV = Hirota-Satsuma equations
- for gxxx — 0 complex KdV =- Ito equations

U+ 6UUx + Uy =0 & {
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Reality of N-Soliton charges

The complex KdV equation equals two coupled real equations

Pt + 6P,Dx + Pxxx — 6qu =0
gt +6(pq), + Qo = 0

with u(x, t) = p(x, t) +iq(x, t), p(x,t), g(x,t) € R
@ Unifies some know special cases:
- for (pqg), — pQgx: complex KdV = Hirota-Satsuma equations
- for gxxx — 0 complex KdV =- Ito equations
@ PT-symmetry:
X— —X,t——-ti—>—-iu—up—pqg——q

U+ 6UUx + Uy =0 & {
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Reality of N-Soliton charges

The complex KdV equation equals two coupled real equations

Pt + 6P,Dx + Pxxx — 6qu =0
9t +6(Pq)x + Grox = 0

with u(x, t) = p(x, t) +iq(x, t), p(x,t), g(x,t) € R

@ Unifies some know special cases:
- for (pqg), — pQgx: complex KdV = Hirota-Satsuma equations
- for gxxx — 0 complex KdV =- Ito equations

@ PT-symmetry:
X— —X,t——-ti—>—-iu—up—pqg——q

@ Integrability:
Lax pair:

U+ 6UUx + Uy =0 & {

1 1
Lt:[M’L] L:8)2(+EU,MZ48§+U8X+§UX
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Reality of complex soliton solutions Reality of one-soliton charges

Solutions from Hirota’s direct method

Convert KdV equation into Hirota’s bilinear form
(D;‘+DXDt)T-T:o

with u = 2(In 7)xx. (Dx, D; are Hirota derivatives)
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Solutions from Hirota’s direct method

Convert KdV equation into Hirota’s bilinear form
(D;‘+DXDt)T-T:o

with u = 2(In 7)xx. (Dx, D; are Hirota derivatives)
Expanding 7 = >4, A¥7 gives multi-soliton solutions

P t) = 1+ e
T,u,zz;a,ﬁ(xa t) = 14 €M 4 @his 4 %(Ck, B)e”w”v:ﬁ
Tuwpafn (X, 1) = 14 el 4 M8 + o + se(av, )€

—|—%(a’ 'y) e@uia oy + %(ﬁ’ f}/)enV:B+77p;'Y
(0, B0, ) B, y) € e
With 17, = aX — a%t + p, s2(e, B) = (o — B)?/(cr + B)?
w,v,peC,a,B,vyeR
P T -symmetry in nonlinear systems Wolfram Physics Project 34/50



Reality of complex soliton solutions Reality of one-soliton charges

One-soliton solution

We find

a® + a® cosf cosh(ax — %t) ; a?sin @ sinh(ax — adt)

ui0;a(xa t) = 2 3172
[cos 6 + cosh(ax — aBt)] [cos 8 + cosh(ax — a3t)]
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Reality of complex soliton solutions Reality of one-soliton charges

One-soliton solution

We find

a® + a® cosf cosh(ax — %t) ; a?sin @ sinh(ax — adt)

ui0;a(xa t) = 3112 3112
[cos O + cosh(ax — a3t)] [cos O + cosh(ax — a3t)]

The solution found by Khare and Saxena is the special case

Usiz,a(X, ) = a?sech? (ax — a3t) T ia® tanh (ax — ast) sech (ax — ast)
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Reality of complex soliton solutions Reality of one-soliton charges

One-soliton solution

We find

a? + a2 cos f cosh(ax — a®t)

. a?sinfsinh(ax — at)

UiG;oc(Xa t) =

—i
[cos 8 + cosh(ax — 0431‘)]2 [cos 8 + cosh(ax — 0431‘)]2

The solution found by Khare and Saxena is the special case

Utiz.o(X, t) = a?sech? (ax — a3t) F ia®tanh (ax — a°t) sech (ax — o®t)

i Piﬂ:n(lﬁ 1) I‘L-l ..............

6 F

6 8 9 0
Andreas Fring

!
31 32
P T -symmetry in nonlinear systems

a—z sec? 4
2 2

2
% cot? (6)
arccosh(cos § — 2 secf)
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Reality of complex soliton solutions Reality of one-soliton charges

One-soliton solution

We find
a? 4+ a2 cosf cosh(ax — a®t) . a?sinfsinh(ax — adt)

—i
[cos 8 + cosh(ax — 0431‘)]2 [cos 8 + cosh(ax — 0431‘)]2

UiG;oc(Xa t) =

The solution found by Khare and Saxena is the special case
Utiz.o(X, t) = a?sech? (ax — a3t) F ia®tanh (ax — a°t) sech (ax — o®t)

=
Q
o
3
r
§_
~~
=)

qif:a (‘1‘- t)

Qu(6) = 8a2,/5 + cos(20) + cos HA
“ [6cos6 + A* /sin6

1 1
Aj(f) = arccosh [2 cosf + 4A}

A=+/2./17 + cos(26)

65 8 9 0 31 32
Andreas Fring PT -symmetry in nonlinear systems Wolfram Physics Project 35/50




Reality of complex soliton solutions Reality of one-soliton charges

Real charges from one-soliton solution

Mass: m, = / Uig.o (X, t)dX = 2

o0 2
Momentum : p, = / Uz, dx = §a3

Energy: E, = / [ZU,%;Q — (Ujg.o )2 | O = 2.5

oo X 5
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Reality of complex soliton solutions Reality of one-soliton charges

Real charges from one-soliton solution

Mass: m, = / Uig.o (X, t)dX = 2

—00

Momentum : p, = / Uz, dx = §a3
oo 2
Energy : E, = / [ZU%;Q - (uig;a)ﬂ dx = 5045

2n—1

Generic: I :/ Wop_o(X, t)dx = 2n2—1a
Reality follows_ior?lmediately from PT-symmetry
E = [T dxH[oX]] = — [ dxH[g[-x]] = [7 dxHI[o[x]] = E*

Wolfram Physics Project 36/50
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Reality of complex soliton solutions Reality of one-soliton charges

Real charges from one-soliton solution

Mass: m, = / Uig.o (X, t)dX = 2

—00

o0 2
Momentum : p, = / Uz, dx = Za®

. 3
P 2 2 5
Energy : E, = / |:2ui6';oz - (UiG;a)x} dx = 504

i~ [ _ 2 ont
Generic: In_/_ Wan_o(X, t)dx = 5p 7

Reality follows ior?lmediately from PT-symmetry
E = [, axH[oIx]] = — [ dxH[e[-x]] = [ dxHT[g]x]] = E*
PT-broken solutions (1 = s + i0) = PT-symmetric I,:

Andreas Fring P T -symmetry in nonlinear systems Wolfram Physics Project 36/50



Reality of complex soliton solutions Reality of one-soliton charges

Real charges from one-soliton solution

Mass: m, = / Uig.o (X, t)dX = 2

—00

o0 2
Momentum : p, = / Uz, dx = Za®

. 3
P 2 2 5
Energy : E, = / |:2ui6';oz - (UiG;a)x} dx = 504

o 2
i I = _ — 2n—1
Generic: I /_ Wop_o(X, t)dx 5 1%

Reality follows ior?lmediately from PT-symmetry

E = %, dxH[BIX]] = — [ oxm[e[—x]] = [, oxHI[g[x] = E*
PT-broken solutions (1 = s + i0) = PT-symmetric I,:

Uirio:a (X, t) = Ujp.o (X + k/a, t) then absorb in integral limits
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Reality of complex soliton solutions Reality of one-soliton charges

Real charges from one-soliton solution

Mass: m, = / Uig.o (X, t)dX = 2

—00

o0 2
Momentum : p, = / Uz, dx = Za®

. 3
P 2 2 5
Energy : E, = / |:2ui6';oz - (UiG;a)x} dx = 504

o 2
i I = _ — 2n—1
Generic: I /_ Wop_o(X, t)dx 5 1%

Reality follows ior?lmediately from PT-symmetry

E = [, dxH[oIx]] = — [ axm[o[-x]] = 2, axH![o[x] = E*
PT-broken solutions (1 = s + i0) = PT-symmetric I,:

Uirio:a (X, t) = Ujp.o (X + k/a, t) then absorb in integral limits
Uptig:a(X, 1) = Uig.o(X, t — r/a?) then use charges are conserved
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Reality of complex soliton solutions Reality of one-soliton charges

Real charges from one-soliton solution

Mass: m, = / Uig.o (X, t)dX = 2

—00

o0 2
Momentum : p, = / Uz, dx = Za®

. 3
P 2 2 5
Energy : E, = / |:2ui6';oz - (UiG;a)x} dx = 504

i~ [ _ 2 ont
Generic: In_/_ Wan_o(X, t)dx = 5p 7

Reality follows ior?lmediately from PT-symmetry

E = [ axHIg[X]] = — [ oxm[e[-x]] = [, dxHI[plx] = E*
PT-broken solutions (1 = s + i0) = PT-symmetric I,:

Uirio:a (X, t) = Ujp.o (X + k/a, t) then absorb in integral limits
Uptig:a(X, 1) = Uig.o(X, t — r/a?) then use charges are conserved
This is not possible for N-soliton solutions with N> 2,
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Reality of complex soliton solutions Reality of N-soliton charges

Reality of complex N-soliton charges

Asymptotically complex N-solitons factor into N one-solitons

Charges based on one-solitons solutions are real by P7-symmetry
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Reality of complex soliton solutions Reality of N-soliton charges

Reality of complex N-soliton charges

Asymptotically complex N-solitons factor into N one-solitons
Charges based on one-solitons solutions are real by P7-symmetry

Therefore

Reality condition
PT-symmetry and integrability ensure the reality of all charges. J

Andreas Fring PT -symmetry in nonlinear systems Wolfram Physics Project 37/50



New type of models from 77 -symmetry Nonlocal Hirota equation

Nonlocality

Consider higher order nonlinear Schrédinger equation

A
iqr + 2 Qoc + 9% q =0
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New type of models from 77 -symmetry Nonlocal Hirota equation

Nonlocality

Consider higher order nonlinear Schrédinger equation
. 1 :
9+ 5 Goc + 19 G+ = [0Gous + 51012 ax + 7 1qlZ] =0

PT-symmetry: PT :x — —x, t - —t,i——i,q—q
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New type of models from 77 -symmetry Nonlocal Hirota equation

Nonlocality

Consider higher order nonlinear Schrédinger equation
. 1 :
9+ 5 Goc + 19 G+ = [0Gous + 51012 ax + 7 1qlZ] =0

PT-symmetry: PT :x — —x, t - —t,i——i,q—q

Integrable cases:

e = 0 =nonlinear Schrédinger equation (NLSE)
a:p:y=0:1:1=derivative NLSE of type |
:~v=0:1:0 = derivative NLSE of type |l
:v=1:6:3 = Sasa-Satsuma equation

e °

Qﬁ
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New type of models from 77 -symmetry Nonlocal Hirota equation

Nonlocality

Consider higher order nonlinear Schrédinger equation
. 1 :
9+ 5 Goc + 19 G+ = [0Gous + 51012 ax + 7 1qlZ] =0

PT-symmetry: PT :x — —x, t - —t,i——i,q—q

Integrable cases:
e = 0 =nonlinear Schrédinger equation (NLSE)
a:fB:v=0:1:1=derivative NLSE of type |

a:fB:v=0:1:0=derivative NLSE of type Il
a:f:v=1:6:3= Sasa-Satsuma equation
a:f:vy=1:6:0=Hirota equation

A -
iqt + 5 G + 101 G+ i |G +61G1% G| =0
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New type of models from 77 -symmetry Nonlocal Hirota equation

Zero curvature condition
HU—0V+[U,V]=0
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New type of models from 77 -symmetry Nonlocal Hirota equation

Zero curvature condition
HU—0V+[U,V]=0

—ix g(x,t) A(x,t) B(x,t)
U= < r(x,t)  ix ) V= < C(x,t) —Ax,1) )
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Zero curvature condition
HU—0V+[U,V]=0

_ —ix g(x,t) _( Ax,t) B(x,t)
U= < r(x,t) i ) ’ V= < C(x,t) —A(x,t) )

Ax(x,t) = q(x,t)C(x,t)—r(x, t)B(x,t)

BX(X7 t) = qt(Xa t) - ZQ(X7 t)A(Xa t) - ZIAB(Xv t)
Cx(x,t) = n(x,t)+2r(x, )A(x,t) + 2i\C(x, t)
A(x,t) = —iagr—_2ia)?+ 3 (rqx —qry — 4iX3 — 2i)\qr>

B(x,1) = iagx+20Aq+ B (2G%r - Gux + 2iAGs + 4)%q)

C(x,t) = —iary+2a\r+ 8 <2qr2 — e — 2iAr + 4)\2r)
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Zero curvature condition
HU—0V+[U,V]=0

_ —ix g(x,t) _( Ax,t) B(x,t)
U= < r(x,t) i ) ’ V= < C(x,t) —A(x,t) )

Ax(x,t) = q(x,t)C(x,t)—r(x, t)B(x,t)

BX(X7 t) = qt(Xa t) - ZQ(X7 t)A(Xa t) - ZIAB(Xv t)
Cx(x,t) = n(x,t)+2r(x, )A(x,t) + 2i\C(x, t)
A(x,t) = —iagr—_2ia)?+ 3 (rqx —qry — 4iX3 — 2i)\qr>

B(x,t) = iagx+2arg+f (2q2r — G + 2iNGx + 4>\2q>
C(x,t) = —iary+2a\r+ 8 <2qr2 — e — 2iAr + 4)\2r)

Q: — iaQxx + 2ioeq2r + B [gxx —69rgx] = 0
It + oy — 2iozq1’2 + B (rox —6qrry) = 0
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New type of models from 77 -symmetry Nonlocal Hirota equation

Nonlocality from zero curvature condition

Complex conjugate pair: r(x,t) = kq*(x, t) (Hirota equation)

g = —o(qu—2x19”q)— #(qux — 6r191° )
~igi = —a (g — 219 q")+ i8(q — 61191 a5
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New type of models from 77 -symmetry Nonlocal Hirota equation

Nonlocality from zero curvature condition

Complex conjugate pair: r(x,t) = kq*(x, t) (Hirota equation)

g = —o(qu—2x19”q)— #(qux — 6r191° )
~igi = —a (g — 219 q")+ i8(q — 61191 a5

P conjugate pair: r(x, t) = kq*(—x, t) (Nonlocal Hirota equ”)
it = —« [QXX — 2/‘567*q2} + 0[qxxx — 65997 x|
G = o | @ — 250(8")?] ~ 0(di — 653" q35)
B =10, a,6 €R,q:=q(x1);q:=q(-x,1)
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New type of models from 77 -symmetry Nonlocal Hirota equation

Nonlocality from zero curvature condition

Complex conjugate pair: r(x,t) = kq*(x, t) (Hirota equation)

g = —o(qu—2x19”q)— #(qux — 6r191° )
~igi = —a (g — 219 q")+ i8(q — 61191 a5

P conjugate pair: r(x, t) = kq*(—x, t) (Nonlocal Hirota equ”)
gt = —a [qxx - 2/‘567*672} + 0[Qxxx — 6590 gx]
G = o | @ — 250(8")?] ~ 0(di — 653" q35)

B =16, a,6 €R,q:=q(x1);q:=q(—x,1)
T conjugate pair: r(x,t) = kq@*(x, —t)

iqr = 3[ —2kq*q i|+6[qXXX 6/€q€7*qx]
i = i @~ 20Q(§")? |+ (@ — 654" q05)

~ ~
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New type of models from 77 -symmetry Nonlocal Hirota equation

PT-conjugate pair: r(x,t) = kg*(—x, —t)
q = =6 [qxx 2k q } BlGxx — 6£9G" qx]
G = =5 G — 26q(§")?] + Bl — 1G5
a=1i5;9,8€R;§:=q(—x,—1)
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New type of models from 77 -symmetry Nonlocal Hirota equation

PT-conjugate pair: r(x,t) = kg*(—x, —t)
qr = — [QXX 250" q } BlQxxx — 6£9G* qx]
i = D |G 26G(8" V] + Bl — 650 q05)

a=1i5;9,8€R;§:=q(—x,—1)
P transformed pair: r(x,t) = kq(—x, t):

g = —« [qXX — 255]‘72} + [gxxx — 6£QQQx]
—iqr = —a [Elxx - 2’“7572} — 6(Quxx — 6£9QQx)
B=1i0;a,6 €R
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New type of models from 77 -symmetry Nonlocal Hirota equation

PT-conjugate pair: r(x,t) = kg*(—x, —t)
qr = — [QXX 250" q } BlQxxx — 6£9G* qx]
i = D |G 26G(8" V] + Bl — 650 q05)

a=1i5;9,8€R;§:=q(—x,—1)
P transformed pair: r(x,t) = kq(—x, t):

iqr = —« [QXX - ZHEIQZ} + [qxx — 6KQqQQx]
~iGr = —a |G — 268G | — 0(Gu — 653GT)
B=1i0;a,6 €R
T transformed pair: r(x, t) = kq(x, —t)
i = —ib [qu 2mq*q]+5[qxxx—6mq&*qx]
G = 18 |G — 20Q(G")] + 0(Go — 650748

a=10;6=10,0,0 R
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New type of models from 77 -symmetry Nonlocal Hirota equation

Nonlocality in Hirota’s direct method

Bilinearisation of the local Hirota equation (g = g/f)
2 iat + auc — 25a[gl® g + B (@ — B51q1° )| =
f [iDtg f+aD?g - f+iBD%g- } [315 ( f — gx> — ag]
X [D)Z(f ot 2/@\9]2]

n—k k
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New type of models from 77 -symmetry Nonlocal Hirota equation

Nonlocality in Hirota’s direct method

Bilinearisation of the local Hirota equation (g = g/f)
° [iqt + A — 260r|qf* g + iﬁ(qxxx ~6rlql® qx)} =
fiDg-f+aD2g-f+isD3g- 1] + [3i8 (6 — g¢) — ag]
X [fo ot 2/@\9]2]
on— k ak
k
o9 =301, () 1 )5

iDig-f+aD2g-f+iBD3g-f=0,  D2f -f=—2k|g|?
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New type of models from 77 -symmetry Nonlocal Hirota equation

Nonlocality in Hirota’s direct method

Bilinearisation of the local Hirota equation (g = g/f)
2 iat + auc — 25a[gl® g + B (@ — B51q1° )| =
fiDg-f+aD2g-f+isD3g- 1] + [3i8 (6 — g¢) — ag]
X [D)Z(f ot 2/@\9]2]

on— Kk 8k
o9 =301, () 1 )5
iDig-f+aD?g-f+iBD3g-f=0, Df-f=—2k|g|?
Solve by formal power series that becomes exact

2252kf2k(xa t), and g(x,t)= ZEZK Tgor—1(x, 1)
= k=1
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New type of models from 77 -symmetry Nonlocal Hirota equation

Bilinearisation of the nonlocal Hirota equation
3f [iqt+ aQxx + 208* G — 0(Quxx + 6q6*qx)} =
7+ [iDtg f+aD?g - f—6D3g- f} + <3;5ng fo ag>
x (?*D)Q(f- f 2fgg*)

not bilinear yet

iDig-f+aD?g-f—6D3g-f=0, FDf-f=2fgy"
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New type of models from 77 -symmetry Nonlocal Hirota equation

Bilinearisation of the nonlocal Hirota equation

3t [iqt+ G + 208 q° — 5( Qo + 6q@*qx)} =

7+ [iDtg f+aD?g - f—6D3g- f} + <3;5ng fo ag>

x (?*D)Q(f- f 2fgg*)

not bilinear yet

iDig-f+aD?g-f—6D3g-f=0, FDf-f=2fgy"
introduce additional auxiliary function

D2f-f=hg, and 2§ = hf*

Solve again formal power series that becomes exact

_ k
h(x, t) = E L€ hi(x, t).
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New type of models from 77 -symmetry Nonlocal Hirota equation

Two-types of nonlocal solutions (one-soliton)
Truncated expansions: f =1+ ¢%f,, g=-cegy, h=ch

0 = e[i(91) + @ (91)xx — 6(G1)xxx]
+e3[2(F2) 4 (91)x — 91 [(B) e + 1 (B) ] + 2 [(G1); + 1(G1) ]

0 = &2[2(fo)xx — g1n] + £* |2 )c — 2()3]
0 = e[25; — ]+ [2@@: - ?;h@

Standard solution, solve six equations independently, then ¢ — 1

M _ A — 1 )27y

. 2 -
(= P+ A Tn Ty

Xt (fe—Bp)t+
7.”77()(, t) — gxtpt(ia—Bu)tty

f ) I
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New type of models from 77 -symmetry Nonlocal Hirota equation

Two-types of nonlocal solutions (one-soliton)
Truncated expansions: f =1+ ¢%f,, g=-cegy, h=ch

0 = €[i (g1); + (1) — 0(g1) ]

+e%[2(B), (G1)x — 91 [(B) g + 1 ()] + i [(G1); + (1) 4]
0 = &2[2(fo)xx — g1h] + £* [26a(fo)s — 2(12)3
0 = [257 — ]+ [267 — ]

Nonstandard solution, solve five equations, last one for e = 1

|Gnonst|

— =15 0
——— =10 if
------- t=-0.9 Z.b'
----- 1=-06 i R
1,5 l| annSt — 1 | - =k
J

~ % .
1+ Tuin Ty —ig

%,
=)
==

L X+ P (io— t+
TM,W(X, t) — @xtpt(la—Bu)tty

& ¥
o

. " I
-15 -10 -5 0

5
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New type of models from 77 -symmetry Nonlocal Hirota equation

Two-soliton solution
Truncated expansions:
f=1+ €2f2 + €4f4,

g =¢eg1 +30s,

h= e’5h1 =+ 83h3

q(2)(X t): g1(X7 t)+g3(xv t)
nl ’ 14 f(x,t) + f4(x, 1)
91 = Tuy+Tus
2 2
(k—v) " (k—v) -
g3 = 2 2T Tv6T py T 2 2 TuTv,6Ty,s
(1= p*)" (v = p) (n=v*)"(v—v¥)
, Ty, 'VT;L 'y Ty 67—}1. y m,ﬁﬁ,(s Twﬁ;,é
2 £\2 %)2
(w—p)? (v=p)f (p-v)? (-
2 2
(JU/_I/) (N*_V*) ~ % ~ %
fr = T T Tv.6T 05
(i =) (v = ) (=) (=)
hy = 27 427
2 - L, 2 (p* —v)? .
h3 = 2 27-:; ’YTlt 5T sy 2 M'y 1/67-11(5
(1= p*)" (v* = p) (=) (v =)
PT -symmetry in nonlinear systems Wolfram Physics Project
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New type of models from 77 -symmetry Nonlocal Hirota equation

Two-soliton solution
Truncated expansions:
f=1 —|—€2f2+€4f4, g = €04 —|—€3g3, h:€h1 —|—53h3

) og1(x, )+ ga(x, 1)
i (X, 1) = 1+ b(x, 1) + f4(x, 1)

Nonlocal regular two-soliton solution

il
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Stability analysis of complex solutions Generalities

Stability analysis — generalities
Consider systems of the general form

L =0up0"p/2 — V()
Euler-Lagrange equation

o—¢"+0V(p)/0p =0
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Stability analysis of complex solutions Generalities

Stability analysis — generalities
Consider systems of the general form

L =0up0"p[2 = V()
Euler-Lagrange equation
p— " +0V(p)/0p=0
Linearise the Euler-Lagrange equation with ¢ — @5 +¢ex, ¢ < 1

2
V)| (X_X,,Ha V()
Ps

dp

955_90/3/"’_

52 )+0@%=o

Ps
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Stability analysis of complex solutions Generalities

Stability analysis — generalities
Consider systems of the general form

L =0up0"p/2 — V()
Euler-Lagrange equation
=" +0V(p)/0p=0

Linearise the Euler-Lagrange equation with ¢ — @5 +¢ex, ¢ < 1

IV (e) o 82‘/(@)
9 sos+€<x e Op?

955_90/3/"’_

) +0() =0

Ps

With x(x, t) = e*o(x) = Sturm-Liouville eigenvalue problem

2
PV 4 2e
02 N ’
¥ Ps
PT -symmetry in nonlinear systems Wolfram Physics Project 46/50
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Stability analysis of complex solutions Generalities

Stability analysis — generalities
Consider systems of the general form

L =0up0"p/2 — V()
Euler-Lagrange equation
=" +0V(p)/0p=0

Linearise the Euler-Lagrange equation with ¢ — @5 +¢ex, ¢ < 1

IV (e) o 82‘/(@)
9 ¢S+€<X e Op?

955_90/3/"’_

) +0() =0

Ps

With x(x, t) = e*o(x) = Sturm-Liouville eigenvalue problem

— P +

02V(p) © — 320 ) € R = stable solutions
02 o ’ A € C = growth or decay
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Stability analysis of complex solutions Generalities

Stability analysis — generalities
Consider systems of the general form

L =0up0"p/2 — V()
Euler-Lagrange equation
=" +0V(p)/0p=0

Linearise the Euler-Lagrange equation with ¢ — @5 +¢ex, ¢ < 1

IV (e) o 82‘/(@)
9 ¢S+€<X e Op?

955_90/3/""

) +0() =0

Ps

With x(x, t) = e*o(x) = Sturm-Liouville eigenvalue problem

—®ux +

92V(yp) © — 320 ) € R = stable solutions
0p? |, ’ A € C = growth or decay
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Stability analysis of complex solutions Generalities

Energies

Elel= [ o) (o) = (3884 5P+ V).
oV(e)

Elos+x] = Eleg] + /dXK e —so’sf)x
oo Ps

2 2V
_}_K (X_X//+X8 (¢) )]
Ps

Perturbed energy:

2 D2
+x(X + 95|, +0()

F. Correa, A. Fring, T. Taira, arXiv:2110.06825 (2021)
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Stability analysis of complex solutions Generalities

Energies

Elel= [ o) (o) = (3884 5P+ V).

Perturbed energy:

Elps +3] = Elps] + /dx[(agfﬁ

- go’é) x — 0 (E.L. equation)

B

Ps

2 D2
+x(X + 95|, +0()

- 02V
_}_K <X_X”+X (¢)

F. Correa, A. Fring, T. Taira, arXiv:2110.06825 (2021)
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Stability analysis of complex solutions Generalities

Energies

Elel= [ o) (o) = (3884 5P+ V).

Perturbed energy:

Elos +x] = Elpgl + /dx[(av(“”)

- go’é) x — 0 (E.L. equation)

880 Ps
-2 2
LA Xy X@ V(v) — 0 (S.L. equation)
2 8802 Ps

+x(X + 95|, + 0(®)

F. Correa, A. Fring, T. Taira, arXiv:2110.06825 (2021)
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Stability analysis of complex solutions Generalities

Energies

Elel= [ o) (o) = (3884 5P+ V).

Perturbed energy:

Elps +3] = Elps] + /dx[(agfﬁ

- go’é) x — 0 (E.L. equation)

Ps

- 02V
_}_% <X_X”+X (¢)

)] — 0 (S.L. equation)

8802 Ps
/ / e} 3 3 -
+x(x' + @s)\_oo +0(°) =0 forxh@oo d(x)=0

F. Correa, A. Fring, T. Taira, arXiv:2110.06825 (2021)
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Stability analysis of complex solutions Generalities

Energies

Elel= [ o) (o) = (3884 5P+ V).

Perturbed energy:

Elps +x] = Elps] + /dXKa\ng@

- go’é) x — 0 (E.L. equation)

Ps

- 02V
_}_% <X_X”+X (¢)

)] — 0 (S.L. equation)

8802 Ps
/ NS 3 . _
+ x(x' + @s)‘_oo +0(°) =0 forxgrirgoo d(x)=0

F. Correa, A. Fring, T. Taira, arXiv:2110.06825 (2021)
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Stability analysis of complex solutions The Bullough-Dodd model

The Bullough-Dodd model

1 1 o, 3 ,
EBDzé,u(PaMSO_e(p_Ee <p+§ with o € C

Euler-Lagrange equation:  — ¢ + &% — e 20 _0
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Stability analysis of complex solutions The Bullough-Dodd model

The Bullough-Dodd model

1 1 3
- _ B @f _ _a=2p 2 i
LBp 5 Lol — e 26 +2 with o € C

Euler-Lagrange equation: ¢ —¢” + €% —e 2 =0

[ cosh (ﬁ +vk2 — 3t + kX) +2
Type I sol.: o7 (x,t) = In , BecC
cosh (ﬁ + VK2 3t + kx) + 1
= AL
o |kl > /3 5 i 5
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Stability analysis of complex solutions The Bullough-Dodd model

The Bullough-Dodd model
1 1 3
- _ e, _@f — _@=2¢ L 2 i
LBp 5 Lol — e 26 + 5 with o € C

Euler-Lagrange equation: ¢ —¢” + €% —e 2 =0

cosh (ﬁ—i— m1‘+kx> +2
cosh <ﬁ+ mt+kx> F1

Type I sol.: o7 (x,t) = In

7 o
1)
4 — =14
— 05
5 70 x —— t=1
— =3

, BeC

i “W
k| > V3 ul

'
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Stability analysis of complex solutions The Bullough-Dodd model

The Bullough-Dodd model

1 1 3
- _ B @f _ _a=2p 2 i
LBp 5 Lol — e 26 +2 with o € C

Euler-Lagrange equation: ¢ —¢” + €% —e 2 =0

cosh (ﬁ +vk2 — 3t + kX)
cosh <ﬁ + VK2 =3t + kX)

Type I sol.: o7 (x,t) = In

I—l

— t=-14
— t==5

~3 =1
%—_‘\ TS — =3
— =67

@
3|
2|
1]

BeC

:l: . =3 A S =
0 K| < v/3: i
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Stability analysis of complex solutions The Bullough-Dodd model

Sturm-Liouville auxiliary problem
with potential

3 8 sinh* [; <ﬁ+\@x>}
1- + .
1 — cosh (8 + v3x) 2+ cosh (5 +v3x)]
Vi(x,8) = Vi (x,8~im)

V1+(X7/B) =
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Stability analysis of complex solutions The Bullough-Dodd model

Sturm-Liouville auxiliary problem
with potential

3 8 sinh* [; <ﬁ+\@x>}
1 — cosh (8 + v3x) 2+ cosh (5 +v3x)]
Vi(x,8) = Vi (x,8~im)

Darboux transformation = exactly solvable partner potential

3 fx)_

V1+(X7/B) =

2

9 2
Vo =3 sech (2 5

We find one bound state with A = 3/2 = the solution is stable.
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Stability analysis of complex solutions The Bullough-Dodd model

Sturm-Liouville auxiliary problem
with potential

Vix.8) = 1- 3 Bsinh 3 (3 +v3x)|

Vi(x,8) = Vi (x,8—ir)

Darboux transformation = exactly solvable partner potential

-3 > (B V3x
Vo =3 zsech (2 2)

We find one bound state with A\ = 3/2 = the solution is stable.

T 2
1 — cosh ([3+\/§X> [2+cosh (ﬂ—{—ﬁx)}

Similarly for type Il solutions
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Stability analysis of complex solutions The Bullough-Dodd model

Sturm-Liouville auxiliary problem
with potential

3 . gsinh* |1 (8 + V3x)]
1 — cosh (54-\@)() [Z—i-cosh <B+\/§X)r
Vi(x,8) = V| (x,B—ir)

Darboux transformation =- exactly solvable partner potential

Vo=3— 3 sech? (5 + \FX)

V‘IJF(XHB) = 1-

2 2 2

We find one bound state with A = 3/2 = the solution is stable.

Also the nonlocal solutions are found to be stable,
see J. Cen, F. Correa, F, A. Fring, T. Taira, Stability in integrable

nonlocal nonlinear equations Physics Letters A, 435,(2022) 128060
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virtual seminar Pseudo-Hermitian Hamiltonians in Quantum Physics

XIX<vPHHQP<XX

Welcome to the website supporting the virtual seminar series on Pseudo-Herm iltonians in Quantum Physics.

This virtual seminar series is part of the regular real life seminar series on Pseudo-Hermitian Hamiltonian: hm Physics that was initiated by Miloslav Znojil in 2003.

It is intended to bridge the gap, caused by the COVID-19 pandemic, between the real life XIXth mef Xth meeting in For past

A - - i) | - 2
events see the PHHQP website. The subject matter of this series is the study of physical aspects of non-Hesmitiantystems from a theore x ental point of view:

Of special interest are hat possess a PT-symmetry (a simultaneous reflection in space and time)

https://vphhgp.com
Proceedings: Journal of Physics: Conference Series Volume 2038

Volume 2038
2021

< Previous issue Next issue »

Virtual seminar series on Pseudo-Hermitian Hamiltonians in Quantum Physics (PTSeminar) 2020 5 March
2021, London, United Kingdom

Accepted papers received: 21 September 2021
Published online: 25 October 2021

https://iopscience.iop.org/issue/1742-6596/2038/1
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Accepted papers received: 21 September 2021
Published online: 25 October 2021

https://iopscience.iop.org/issue/1742-6596/2038/1
Thank you for your attention

P T -symmetry in nonlinear systems Wolfram Physics Project 50/50



	PT-symmetric quantum mechanics - time-independent H
	Hermiticity is only a sufficient but not a necessary requirement
	Seminal and pre-historic examples in the literature
	Spectral analysis
	Spectral analysis - Pseudo/Quasi-Hermiticity
	Spectral analysis - Broken and unbroken PT-symmetry
	Spectral analysis - Supersymmetry (Darboux transformation)
	Quantum mechanical framework
	Quantum mechanical framework - Orthogonality 
	Quantum mechanical framework - Observables 
	Quantum mechanical framework - Construction of 0=x"011A and 0=x"0111 
	Worked out examples - finite dimensional Hilbert space
	Worked out examples - infinite dimensional Hilbert space

	PT-symmetric quantum mechanics - time-dependent H(t)
	Theoretical framework (key equations)

	Applications
	Applications - Optics
	Applications - Mending the broken regime
	Applications - Entropy revival

	Reality of complex soliton solutions
	Reality of one-soliton charges
	Reality of N-soliton charges

	New type of models from PT-symmetry
	Nonlocal Hirota equation

	Stability analysis of complex solutions
	Generalities
	The Bullough-Dodd model

	PT-seminar:
	register here vphhqp.com


