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" Modeling of a Tennis Ball Server

e Definition of a Projectile:

» A projectile is a fired, thrown, or otherwise
projected object, such as a bullet, having no
capacity for self propulsion

» In the absence of a propulsion force, the only force
acting on an idealized projectile is gravity

» Additional forces — due to drag, lift and wind — will
also be present and may or may not be significant

Velocity, - Velocity, -
v/ /////’ v/v /////
Drag force, g
_ a function of v* P

\ Lift force
due to spin

2 Weight W=mg Weight W = mg
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<Y Modeling of a Tennis Ball Server

e Choice of Projectile:

» Neglecting drag, lift and wind should work well for typical
projectile unless the problem involves a low mass or high
cross-sectional area projectile

» Consider the drag force on a ping pong ball (immediately after
launch; assuming a launch velocity of 9.5 m/s):

F, = (1/2)(1.21 kg/m3)[r(.038/2)2(9.5 m/s)?
= 0.062 kg-m/s? =0.062 N

» Consider the force in light of the mass Vevbc}'
(0.0025 kg = 2.5 g) of a ping pong ball B 2 T ction of 12

» Using F = ma: 0.062 N = 0.0025-a l\mm
a=24.8m/s2 !l >9.81 m/s? A
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cry Basic Projectile g
- Motion Equations wo L

X0 X

Commonly Used Projectile Equations (in x-y coordinate system)

Coordinate Direction: X Y

Acceleration: a, =0 ay =-g
where, g =9.81m/s*

velocity: Vx = Vox = const|  (2) vy =voy - gt
Position: (1) X = Xg + Vit (3) Yy=Yyo+vVot-1/2 gt’
Additional equation: (4) Vy2 = V0y2 -29 (Y - Yo)
Calculating vor and vgs, | Yorp 4 Vo (5) vy =VvpC0S 0O
given vo and 0. %: (6) Voy =VosSin O

Vo= Vy
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		Commonly Used Projectile Equations (in x-y coordinate system)



		Coordinate Direction:

		            x

		y



		Acceleration:

		ax = 0




		            ay = -g


where,      g = 9.81 m/s2 





		Velocity:

		vx = v0x = const

		   (2)   vy = v0y - gt



		Position:

		 (1)  x = x0 + vxt

		   (3)   y = y0 + v0yt - 1/2 gt2



		Additional equation:

		

		   (4)   vy2 = v0y2 - 2g (y - y0 )



		Calculating v0r and v0s,


 given v0 and 0.
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		   (5)  vx = v0 cos 

   (6)  v0y = v0 sin 






Projectile Motion Calculation

Determining Values v or 6 needed to strike a target

Method A: Set your launcher at a fixed launch angle, 6. Calculate
the launch velocity, vy, needed to strike a target located at an
arbitrary (x,y) position:

First write position equations:
(@) X = Xo + Vo(Ccos 0)t (b) y =yo + Vo(sin 0)t - 1/2 gt?

LetL=(x-Xp,)and h=(y-yo), solve (a) to get

©) vgt=- . subthisinto(b): h- sine(co"sej -Lgt2
. 2(Ltan @ —h)
Solve for t: d | g

Substitute t into equation (c) and solve for vo:

_ L g
(€) VO_COSG\/Z(LtanG—h)
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		Determining Values v0 or  needed to strike a target



		Method A:  Set your launcher at a fixed launch angle, .  Calculate the launch velocity, v0, needed to strike a target located at an arbitrary (x,y) position:  


  First write position equations:

        (a)  x = x0 + v0(cos )t           (b)  y = y0 + v0(sin )t - 1/2 gt2

Let L= ( x - x0 ) and  h = ( y - y0 ),  solve (a) to get


  (c)  


,      sub this into (b):    




Solve for t:         (d)    
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Substitute t into equation (c) and solve for v0:    


               (e)   
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Projectile Motion Calculation

Determining Values of vy or 0 Needed to Strike a Target

Method B: If your launcher can fire only at discrete values of v,
select an appropriate vy and calculate the precise angle 6 needed
to strike a target located at (x,y): First write position equations:

(a) X = Xo + Vo(CcOs )t (b) y =vyo + Vo(sin 0)t - 1/2 gt?
LetL=(X-Xp) and h=(y-Yyp), solve (a)toget: (c) t = L
vOcose

2
Substitute () into (b): h=v.sing| — - |-1g] 5
' 0 v.cos®) 27|v.cos@

0 0
Using sinB/cosO = tan® and the identity (1/cos6)?= sec?0 = tan®0 + 1
_ 5 2v(2) 2v§h
We obtain (d) [tan© 6 ——=tan0 + +1{=0
gL gL2

This is a quadratic equation of the form au” + bu + ¢, where u = tane.
The two roots correspond to the two launch angles ( 0;=tan™u; and
0,=tan™u, ) which may be used to reach the same target.
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		Determining Values of v0 or  Needed to Strike a Target



		Method B:  If your launcher can fire only at discrete values of v0, select an appropriate v0 and calculate the precise angle  needed to strike a target located at (x,y):  First write position equations:


        (a)  x = x0 + v0(cos )t           (b)  y = y0 + v0(sin )t - 1/2 gt2

Let L= (x - x0) and  h = (y - y0),  solve (a) to get:  (c)   




Substitute (c) into (b):    


  


Using  sin/cos = tan  and the identity  (1/cos)2 = sec2 = tan2 + 1


We obtain (d)  




This is a quadratic equation of the form  au2 + bu + c, where u = tan.  The two roots correspond to the two launch angles  ( 1=tan-1u1   and   2=tan-1u2 )  which may be used to reach the same target.  
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CITy Projectile Example

EST 1594

Example 1: Projectile Heuristics

A “heuristic” is a “rule-of-thumb.” Y
The objective of this example is to use
some simple numbers is to help the N
learner to more easily estimate oy 0 Ymax= L/4
approximately what speeds might be 0=45
necessary for a launched projectile. x
Determine, for level ground, < 0x Range, ] —————»
(1) The launch angle that gives the ’
maximum distance;
(2) The corresponding launch
velocity; (3) The maximum height of Vo = \/E
the trajectory. (c) Maximum height of the projectile: ymax = L/4

Equation summary: (a) Optimal angle: 8= 45°
(b) Minimum launch velocity to strike a target:

(1) To find the launch angle that gives the maximum distance (on level ground), first write position
equations. (Let L=(x-x0)and h=(y-1)=0):

(@) L =wvo(cos O)t (b) h=0=uvo(sin O)t -1/2 gt?

Divide (b) by tto get: (c) 0=wo(sin 6) -1/2 gt

Rearrange (c) to get the landing time: tjand = [(200/ g)sin 6]

Substitute ting into (a) to get L = (2v02/ g)[cos O'sin 6]

Since cos @sin 6= (sin 26)/2, for level ground we can calculate the landing distance L from:
L = (v2/g)sin 26

Since sin 20is maximized at 20 = 90°, L is therefore maximum at = 45°. Specifically, L= (v¢?/g).
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		Example 1:  Projectile Heuristics



		A “heuristic” is a “rule-of-thumb.”  The objective of this example is to use some simple numbers is to help the learner to more easily estimate approximately what speeds might be necessary for a launched projectile.  Determine, for level ground,  
(1)  The launch angle that gives the maximum distance;  
(2)  The corresponding launch velocity;  (3)  The maximum height of the trajectory.

		

[image: image1.wmf]Equation summary:  (a)  Optimal angle:  = 45º
(b)  Minimum launch velocity to strike a target: 
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(c)  Maximum height of the projectile: ymax = L/4



		(1)  To find the launch angle that gives the maximum distance (on level ground), first write position equations. (Let  L= ( x - x0 ) and  h = ( y - y0 ) = 0 ):


(a)  L = v0(cos )t            (b)  h = 0 = v0(sin )t – 1/2 gt2

Divide (b) by t to get:    (c)  0 = v0(sin ) – 1/2 gt 


Rearrange (c) to get the landing time:   tland = [(2v0/g)sin 

Substitute tland into (a) to get L = (2v02/g)[cos sin ]


Since cos sin  = (sin 2 )/2, for level ground we can calculate the landing distance L from:  


L = (v02/g)sin 2

Since sin 2 is maximized at 2 = 90º, L is therefore maximum at  = 45º.  Specifically, L= (v02/g).
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Projectile Example

Example 1: Projectile Heuristics

A “heuristic” is a “rule-of-thumb.” Y
The objective of this example is to use
some simple numbers is to help the
learner to more easily estimate VQy
approximately what speeds might be 0=45
necessary for a launched projectile.
Determine, for leve.l ground, (1) The < 0x Range, L — >
launch angle that gives the maximum
distance; (2) The corresponding
launch velocity; (3) The maximum
height of the trajectory. Vo = \/g_l—

(c) Maximum height of the projectile: ymax = L/4

Equation summary: (a) Optimal angle: 8= 45°
(b) Minimum launch velocity to strike a target:

(2) The minimum launch velocity to reach a target (on level ground) at a distance L is:

_ L g
V, =+/0L|. From v_= )
- 0 cos#\ 2(Ltan 6-h)

(3) The maximum height, ymax, of the trajectory is found as follows: (Recall that at ymax, vy = 0)
vy2 =0 = (vo sin 6)2 - 2¢(Ymax - 0)
Solve for Ymax:  Ymax = (vo sin 0)2/2g
If 6= 45°, sin45= +/2/2, and (sin45)2=1/2. also note that vo2 = gL.

Finally [y = 1/
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		Example 1:  Projectile Heuristics



		A “heuristic” is a “rule-of-thumb.”  The objective of this example is to use some simple numbers is to help the learner to more easily estimate approximately what speeds might be necessary for a launched projectile.  Determine, for level ground,  (1)  The launch angle that gives the maximum distance;  (2)  The corresponding launch velocity;  (3)  The maximum height of the trajectory.

		

[image: image1.wmf]Equation summary:  (a)  Optimal angle:  = 45º
(b)  Minimum launch velocity to strike a target: 
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(c)  Maximum height of the projectile: ymax = L/4



		(2)  The minimum launch velocity to reach a target (on level ground) at a distance L is:
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(3)  The maximum height, ymax, of the trajectory is found as follows:     (Recall that at ymax, vy = 0)


 vy2 = 0 = (v0 sin )2 - 2g(ymax - 0 )


Solve for ymax:       ymax = (v0 sin )2/2g

If  = 45º,  sin 45 = 

[image: image5.wmf]2
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, and (sin 45)2 = 1/2 .  also note that   v02 = gL.


Finally,  ymax = L/4
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Projectile Example

Example 1: Projectile Heuristics

A “heuristic” is a “rule-of-thumb.” Y
The objective of this example is to use
some simple numbers is to help the

learner to more easily estimate YOy
approximately what speeds might be 0=45
necessary for a launched projectile. e
Determine, for level ground, (1) The <« Range, L 4"

Ia_unch angle that gives the max_imum Equation summary: (a) Optimal angle: 6 = 45°
distance; (2) The corres-ponding (b) Minimum launch velocity to strike a target: v, = /gL

Laeuigﬁ? (\)/: i?\glgéje(?or;r/he maximum (c) Maximum height of the projectile: ymax = L/4

X

A simple numerical example: (These are “ballpark” numbers): A slow pitch softball pitcher wishes
to hit home plate (approximately 15 m away) with a pitch with minimum effort. Assume no drag
and that he releases the ball close to ground level (h = 0) very near the pitching rubber.

The optimal angle is 45°.

Minimum velocity V, = /gL =+/9.81-15 ~ /144 =12m/s.
The height of the trajectory would be L/4 = 12/4 =3 m
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		Example 1:  Projectile Heuristics



		A “heuristic” is a “rule-of-thumb.”  The objective of this example is to use some simple numbers is to help the learner to more easily estimate approximately what speeds might be necessary for a launched projectile.  Determine, for level ground,  (1)  The launch angle that gives the maximum distance;  (2)  The corres-ponding launch velocity;  (3)  The maximum height of the trajectory.

		

[image: image1.wmf]Equation summary:  (a)  Optimal angle:  = 45º
(b)  Minimum launch velocity to strike a target: 
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(c)  Maximum height of the projectile: ymax = L/4



		A simple numerical example:  (These are “ballpark” numbers):  A slow pitch softball pitcher wishes to hit home plate (approximately 15 m away) with a pitch with minimum effort.  Assume no drag and that he releases the ball close to ground level (h = 0) very near the pitching rubber.  


The optimal angle is  45º.


Minimum velocity 
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The height of the trajectory would be L/4 = 12/4 = 3 m
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Projectile Example

Launch velocities vs. launch angles for selected target distances
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Projectile Example

Max height vs. launch angles for selected target distances
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		4		40		0.6981317008		6.3123165518		0.8390996312

		4		45		0.7853981634		6.2641839053		1

		4		50		0.872664626		6.3123165518		1.1917535926

		4		55		0.9599310886		6.4620690024		1.4281480067

		4		60		1.0471975512		6.7313036721		1.7320508076

		4		65		1.1344640138		7.1571070995		2.1445069205

		5		20		0.3490658504		8.735459559		0.4549627928

		5		25		0.436332313		8.0018889983		0.5828845727

		5		30		0.5235987756		7.525826294		0.7216878365

		5		35		0.6108652382		7.2248127823		0.8752594228

		5		40		0.6981317008		7.0573844527		1.048874539

		5		45		0.7853981634		7.003570518		1.25

		5		50		0.872664626		7.0573844527		1.4896919907

		5		55		0.9599310886		7.2248127823		1.7851850084

		5		60		1.0471975512		7.525826294		2.1650635095

		5		65		1.1344640138		8.0018889983		2.6806336506

		6		20		0.3490658504		9.5692165013		0.5459553514

		6		25		0.436332313		8.7656302141		0.6994614872

		6		30		0.5235987756		8.2441296502		0.8660254038

		6		35		0.6108652382		7.9143858693		1.0503113073

		6		40		0.6981317008		7.7309773234		1.2586494468

		6		45		0.7853981634		7.6720271115		1.5

		6		50		0.872664626		7.7309773234		1.7876303889

		6		55		0.9599310886		7.9143858693		2.1422220101

		6		60		1.0471975512		8.2441296502		2.5980762114

		6		65		1.1344640138		8.7656302141		3.2167603808

		7		20		0.3490658504		10.3359351387		0.63694791

		7		25		0.436332313		9.4679627459		0.8160384018

		7		30		0.5235987756		8.9046777578		1.0103629711

		7		35		0.6108652382		8.5485137677		1.2253631919

		7		40		0.6981317008		8.3504098964		1.4684243546

		7		45		0.7853981634		8.2867363902		1.75

		7		50		0.872664626		8.3504098964		2.085568787

		7		55		0.9599310886		8.5485137677		2.4992590118

		7		60		1.0471975512		8.9046777578		3.0310889132

		7		65		1.1344640138		9.4679627459		3.7528871109

		8		20		0.3490658504		11.0495794459		0.7279404685

		8		25		0.436332313		10.1216779274		0.9326153163

		8		30		0.5235987756		9.5195009455		1.1547005384

		8		35		0.6108652382		9.1387456242		1.4004150764

		8		40		0.6981317008		8.9269636776		1.6781992624

		8		45		0.7853981634		8.8588938361		2

		8		50		0.872664626		8.9269636776		2.3835071852

		8		55		0.9599310886		9.1387456242		2.8562960135

		8		60		1.0471975512		9.5195009455		3.4641016151

		8		65		1.1344640138		10.1216779274		4.289013841

		9		20		0.3490658504		11.7198488332		0.8189330271

		9		25		0.436332313		10.7356606492		1.0491922308

		9		30		0.5235987756		10.0969555081		1.2990381057

		9		35		0.6108652382		9.6931035036		1.575466961

		9		40		0.6981317008		9.4684748277		1.8879741701

		9		45		0.7853981634		9.396275858		2.25

		9		50		0.872664626		9.4684748277		2.6814455833

		9		55		0.9599310886		9.6931035036		3.2133330152

		9		60		1.0471975512		10.0969555081		3.897114317

		9		65		1.1344640138		10.7356606492		4.8251405711

		10		20		0.3490658504		12.3538053819		0.9099255857

		10		25		0.436332313		11.3163799461		1.1657691454

		10		30		0.5235987756		10.643125613		1.443375673

		10		35		0.6108652382		10.2174282224		1.7505188455

		10		40		0.6981317008		9.9806488079		2.0977490779

		10		45		0.7853981634		9.9045444115		2.5

		10		50		0.872664626		9.9806488079		2.9793839815

		10		55		0.9599310886		10.2174282224		3.5703700169

		10		60		1.0471975512		10.643125613		4.3301270189

		10		65		1.1344640138		11.3163799461		5.3612673013





Height

		20		20		20		20		20

		25		25		25		25		25

		30		30		30		30		30

		35		35		35		35		35

		40		40		40		40		40

		45		45		45		45		45

		50		50		50		50		50

		55		55		55		55		55

		60		60		60		60		60

		65		65		65		65		65



10 m

8 m

6 m

4 m

2 m

Angle [deg]

Height [m]

0.9099255857

0.7279404685

0.5459553514

0.3639702343

0.1819851171

1.1657691454

0.9326153163

0.6994614872

0.4663076582

0.2331538291

1.443375673

1.1547005384

0.8660254038

0.5773502692

0.2886751346

1.7505188455

1.4004150764

1.0503113073

0.7002075382

0.3501037691

2.0977490779

1.6781992624

1.2586494468

0.8390996312

0.4195498156

2.5

2

1.5

1

0.5

2.9793839815

2.3835071852

1.7876303889

1.1917535926

0.5958767963

3.5703700169

2.8562960135

2.1422220101

1.4281480067

0.7140740034

4.3301270189

3.4641016151

2.5980762114

1.7320508076

0.8660254038

5.3612673013

4.289013841

3.2167603808

2.1445069205

1.0722534603



Velocity

		20		20		20		20		20

		25		25		25		25		25

		30		30		30		30		30

		35		35		35		35		35

		40		40		40		40		40

		45		45		45		45		45

		50		50		50		50		50

		55		55		55		55		55

		60		60		60		60		60

		65		65		65		65		65



10 m

8 m

6 m

4 m

2 m

Angle [deg]

Launch velocity [m/s]

12.3538053819

11.0495794459

9.5692165013

7.8132325555

5.524789723

11.3163799461

10.1216779274

8.7656302141

7.1571070995

5.0608389637

10.643125613

9.5195009455

8.2441296502

6.7313036721

4.7597504728

10.2174282224

9.1387456242

7.9143858693

6.4620690024

4.5693728121

9.9806488079

8.9269636776

7.7309773234

6.3123165518

4.4634818388

9.9045444115

8.8588938361

7.6720271115

6.2641839053

4.4294469181

9.9806488079

8.9269636776

7.7309773234

6.3123165518

4.4634818388

10.2174282224

9.1387456242

7.9143858693

6.4620690024

4.5693728121

10.643125613

9.5195009455

8.2441296502

6.7313036721

4.7597504728

11.3163799461

10.1216779274

8.7656302141

7.1571070995

5.0608389637




NS

“TWork-Energy to Produce Desired V
0

The Work-Energy equation:

2U;,=T5-T,

Where,
T,, T, — Initial and final Kinetic Energy of the projectile
T,=0
T,=mv?/2 |
2U,, - work done on the projectile while in the launcher.

Schematic of Launcher;

d = spring deflection

Recall: work = force x distance d sin O = change in elevation of projectile
Work done on the projectile is sum of :

a) Work of the spring: U =+kd?/2

by Gravity: U,=-mg (d sind)

c) Friction — not estimated

2U1,=T,-T
kd?/2 - mg(d sin 8) — Friction = 1/2 mv® + KE (of spring, mechanism

12 Ahmed Kovacevic, City University London



U1-2 = T2 - T1

kd2/2 - mg(d sin ) – Friction = 1/2 mv2 + KE (of spring, mechanism


Ao

“Work-Energy Example

iﬁsin@
Determine spring stiffness, k 0

Determine deflection needed to strike an 8m target | |

with a 55¢g projectile. Schematic of Launcher;

Neglect friction and kinetic energy imparted to d = spring deflection
mechanism. d sin O = change in elevation of projectile

(1) Spring Stiffness (Spring from a hardware store)
Skg load will compress the spring for 17.5 mm; Therefore, kg, = 2.8 N/mm= 2.8 kN/m

(2) From previous chart: (vy=9.2 m/s, 6 = 56°) to strike 8 m target

3) Given values: (@) Mass =559 =0.055 kg
(b) Velocity =9.2 m/s

13 Ahmed Kovacevic, City University London



ork-Energy Example

iﬁsin@

| |
T,+3ZU,,=T, Schematic of Launcher;
: _ d = spring deflection
kd?/2- mg (d sin ) = mv#/2 d sin O = change in elevation of projectile
2.8 d%/2 - 0.0559.81sin56°d - 0.0559.2%2/2=0

(4) Write work-energy equation:

This is a quadratic equation:
1400d? - 0.447d —2.327=0, oftheform ad?+bd+c=0

Use the quadratic equation yields roots d, , = 0.04 m

(5) Result:

The launcher spring needs to compress for 40 mm in order to propel a 55¢g
projectile out of the launcher with a velocity of 9.2 m/s.

This is for a spring with kg, = 2.8 N/mm.

14 Ahmed Kovacevic, City University London



ork-Energy Example

(6) Caution

This is only approximate value since friction and kinetic energy of the launch mechanism are
neglected. However, this gives an idea of how to select a spring or other mechanism for
achieving launch of the ball.

(7) Velocity
To achieve accurate launch one needs to adjust velocity accurately.
If a launch to the distance of 8.5 m is required.

At the launch angle of 56° the required velocity is 9.48 m/s. The calculation yields a spring
deflection of 41.5mm, only 1.5 mm more than needed for the first example.

Note: This is difficult to achieve!

15 Ahmed Kovacevic, City University London



e For modeling purposes:

» Find range of velocities and angles necessary to
get tennis ball to the targets

» Next, depending on your chosen design,
determine how you will supply the necessary initial
velocity

» Consider drag effects as well

16 Ahmed Kovacevic, City University London
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