
First Inner Olympiad 2019-2020
1. Does there exist a continuous function f : R→ R, which plot intersects each non-vertical line in�nite
number of times?

2. Calculate
2008∫
0

x(x− 4)(x− 8) . . . (x− 2008) dx.

3. f(x) is continuous and di�erentiable on [0, 1] with f(1) = f(0) + 1. Prove that
1∫
0

(f ′(x))2 dx ≥ 1.

4. Solve y′(t) = y2(x)

(
1 +

x∫
π

dt
y(t)

)
with y(π) = 1.

5. Find the gcd of {213 − 2, 313 − 3, . . . , n13 − n}.
6. Let a1, a2, . . . , an and b1, b2, . . . , bn be nonnegative real numbers. Show that (a1a2 · · · an)

1
n+(b1b2 · · · bn)

1
n ≤

((a1 + b1)(a2 + b2) · · · (an + bn))
1
n .

7. Let A ∈Mn(C), ATA = In and n is odd. Prove that det(A2 − In) = 0.
8. Let x be a real number. Let ai,0 =

x
2i

and ai,j+1 = a2i,j + 2ai,j . Find lim
n→∞

an,n.

9. Let all the roots of the polynomial P (x) = xn+a2x
n−2+ . . .+an−1x+an be reals. Prove that a2 ≤ 0.

10. Let f : [0, 1] → [0, 1] be the continuous function such that
f(x)∫
0

f(y) dy = f(f(x)) for any x ∈ [0, 1].

Find f(f([0, 1])).
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