
1. lim
n→∞
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n
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∫ 1
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1+x = ln(2).

2. At first, we note that 0 < e− lim
n→∞

n∑
k=0

1
k! <

2
(n+1)! .

Let kn = n!
n∑
k=0

1
k! ≡3 1 + n + n(n − 1) = n2 + 1 = 3mn + ln, where ln 6= 0. Putting into the
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3 ln = −1
2 .

3. ln an = 1
2 ln an−1 +

1
2 ln an−2. The characteristic equation is r2 − 1

2r −
1
2 = 0. Thus, r1 = 1 and

r2 = −1
2 and ln an = x + y(−1

2)
n. From ln a = x − y

2 and ln b = x + y
4 then x = ln a+2 ln b

3 . Finally,
lim
n→∞

an = lim
n→∞
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3
√
ab2.

4. a2
n
+ 1 grows asymptotically faster than 2n, thus the limit is 0.

5. By Stolz-Cezaro, lim
n→∞
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6. Let tn = xn−yn. Since, x3n+y3n = t3n+3t2nyn+3tny
2
n+2y3n, we get that lim
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2
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n→∞
= 0.

Since xn = tn + yn we get lim
n→∞

xn = 0

7. Let an = λ2
−(n−1)

+ λ−2
−(n−1) , then an+1 =

√
an + 2 and lim

n→∞
an − 2 = 0. For a1 > 2, we have

(3− an)4
n
= ((1− (an − 2))

1
an−2 )4

n(an−2). Thus, lim
n→∞

(3− an)4
n
= lim
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exp(−4n(an − 2)).

lim
n→∞

4n(λ2
−(n−1)

+ λ−2
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4n(1 + log(λ)2−(n−1) + 1

2 log
2(λ)2−2(n−1)) + O(2−3n) + 1 −

log(λ)2−(n−1) + 1
2 log

2(λ)2−2(n−1) +O(2−3n)− 2) = 4 log2(λ).
By that lim

n→∞
(3− an)4

n
= exp(−4 log2(λ)).

a1 = λ+ λ−1, thus λ =
a1+
√
a21−4

2 .
8. At first, note that xn+1 < xn and thus lim

n→∞
xn = 0.

l = lim
n→∞
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n
1
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. By Stolz-Cesaro, l = lim
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x2

. By

replacing with Taylor series we get l = lim
x→0
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3
+ 2x6
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+...

x2

3
− 2x4
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+...

= 3. Thus, lim
n→∞

√
nxn =

√
l =
√
3.

9. Define t1 = arccos(45), tn+1 = tn + sin tn then by induction one shows xn = cos tn and yn = sin tn.
Consider f(x) = x + sinx. f is increasing, f(0) = 0, f(π) = π and on [0, π) we have f(x) > x. Hence,
0 < tn < tn+1 < π for all n and tn → t ∈ (0, π]. Also, t is a fixed point, thus, t = π, lim

n→∞
tn = π,

lim
n→∞

xn = −1 and lim
n→∞

yn = 0.

10. Let Sn =
n∑
i=1

a2i . Proving by negation we get lim
n→∞

Sn = +∞. Thus, lim
n→∞

Sn+1

Sn
= 1.

By Stolz-Cesaro, lim
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