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1. lim > = lim LY o= [ e —1n(2).
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2. At first, we note that 0 < e — nlglgo kz < (n+1)

n
Let k, = n! Z ki = l+n+nn—1) = n?>+1 = 3m, + l,, where [, # 0. Putting into the

n
formula: nlggo cos 2”§” = HILH;O cos <2’;)"' <e — ;;o li') + 2%(3771” + ln)) = nlgxolo cos %’rln = —%.
3. Ina, = %ln ap—1 + %ln an—2. The characteristic equation is r? — %r — % = 0. Thus, r; = 1 and
ro = —% and Ina, = z + y(—3)". From Ina = z — ¥ and Inb = z + ¥ then z = 2ef2nb  Finally,
lim a, = lim e* = Vab2.
n—oo n—oo
4. a®" 41 grows asymptotically faster than 27, thus the limit is 0.
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5. By Stolz-Cezaro, nh_)r{.lo e = nh_)r{)lo DT = i

6. Lett, =z, —yn. Since, 23 +y3 =3 +3t2y, + 3t y2 +2y>, we get that hm 3tnyn +3t,y2 +2y3 = 0.
3t2 yn + 3tnyn + 2yn - yn(g(tn + yn) + 4yn) 4yn - Btnyn + Stnyn + 2yn - 3yn(tn + yTn)Q Thus7
0 < 2yb < 36292 + 3t,y2 + 2y = yn(3t2yn + 3tay? +2y2) "=7 0.
Slnce Tp =ty + yn we get lim x, =0
n—oo
7. Leta, = A2 )\_27(”71>, then a,y1 = Va, +2 and lim a, — 2 = 0. For a; > 2, we have

n—oo

(3= an)* = (1= (an — 2))m—2)*"(@~2), Thys, lim (3~ a,)*" = lim exp(—4"(a, - 2)).
lim 47(A27" 7 4 A2 2) = lim 47(1 4 log(V)27" 7Y + Jlog?(M)272 ) + 027 41 -

n—oo
log(A\)2~M= 4 110g?(X)272=1 4 0(2737) — 2) = 41og?(N).
By that lim (3 — an)*" = exp(—4log?(\)).

7_
ai =X+ 27! thus A = m—fal{
8. At first, note that z,+1 < x, and thus lim z, = 0.
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I = lim nz?2 = lim . By Stolz-Cesaro, | = lim —1— = lim M lim Sn-2_ By
n—00 n—oo 7 n—00 3 - n—00 1—% z—0 1— 51“23”
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replacing with Taylor series we get | = hm % 3. Thus, lim /nx, = Vi=+3.
0 % ZT"'“‘ n—00
9. Define t; = arccos(%), tp+1 = tn + sint, then by induction one shows z, = cost, and y, = sint,.
Consider f(x) = x +sinz. f is increasing, f(0) = 0, f(7) = 7 and on [0,7) we have f(x) > x. Hence,

0 < tp < tpy1 < mforall n and t,, — ¢t € (0,7]. Also, ¢ is a fixed point, thus, t = 7, lim ¢, = m,

n—oo

lim x, = —1 and lim y, = 0.

n
10. Let S, = Y a?. Proving by negation we get lim S, = +oc. Thus, lim % =1.

= n—00 n—oo ©n

oS3 . Sh—Sa : 2 2 - 2 @2
By Stolz-Cesaro, nh_}rgo on = nh_}ngo e = 7Lll_>rgo(Sn+1—Sn)(Sn+1+5n+15'n—|—5n) = nh_{rgo 3a5,, 1S5, =

3.

. I 3\ 3.,3\% _
7L11_>I1go(3n)3an = nh_}ngo(?manﬁ = nh—>Igo(S ay)s = 1.



