Number theory problems

November 17, 2019

Numbers a, b, n, k, d below are positive integers, p is prime number.

1.

a?+b:b?>+aand a+ b > 2. Prove that b + a is composite integer.

Solution.

e If @ = b then condition a + b > 2 means a > 2 and b> + a = (a + 1)a. Both multipliers are greater
than 1, so this number is composite.

e Otherwise (a? +b) — (b> +a) = (a®> —b?*)—(a—b) =(a—b) - (a+b—1):b?+a. Letz =a+b—-1<
a+b<a+b =0 +aandy=|a—b <a+b<b®+a Ifb?+aisprime and zy : b? + a then
x:b%+aoryib®+a, but both z and y are less than b? + a. So b? + a is composite.

. Solve equation: a(a + 1) = b(b + 2).

Solution. If a < bthen a(a+1) < a(a+2) < b(b+2). Otherwise a(a+1) > (a—1)((a—1)+2) > b(b+2).
There are no solutions.

. Prove that there exist 2020 consecutive positive integers such that exactly 19 integers among them are

prime numbers.

Solution. Let f(n) be number of prime numbers between n and n + 2019 inclusively. f(1) > 19 because
71 is 20-th prime number. f(2021!+ 2) = 0 because 2021! + k is divisible by k for k = 2...2021. Also
note that |f(n+1) — f(n)| < 1.

Let’s start with n = 1 and increase it repeatedly. Value of the function changes by zero or one, f(1) > 19,
£(2021! + 2) < 19, so there exists n between 1 and 2021! 4 2 such that f(n) = 19.

. Prove that 2393° + 3023 is composite integer.

Solution. Use Fermat’s little theorem: 2393° = 1 (mod 31). Also 30?%° = (-1)?3% = —1 (mod 31). It
means that 2393 + 3023 = 0 (mod 31). Obviously 2393% + 30%3° > 31, so this number is composite.

p =4k + 3, a®> +b? i p. Prove that b p (Note: use quadratic characters)

Solution. Assume that b is not divisible by p. Then there exists ¢ = b~! (mod p). ¢? - (a? + b?) =
(ac)? + (bc)? = (ac)® + 1 (mod p) and —1 = (ac)?. Now you can use that (—1) is not quadratic residue
modulo p = 4k + 3, but let’s prove it.

1= (ac)P~! = (ac)™*2 = (ac)?*™ = (=1)2*1 = —1 (mod p). But if 1 = —1 (mod p) then 2 p, but p
is odd prime, it gives us a contradiction.

p>2, 2P —1:d. Prove that d = 2kp + 1.

Solution. Assume that d is prime. 2 # 1 (mod d) and 2? =1 (mod d). p has no proper divisors except
for 1, so p is the least number k such that 2 = 1 (mod d). Value k = ¢(n) also suits this equation, so
d—1=¢(d)ip. 2P —1is odd, so d is also odd, it means that d = 1 (mod 2p), then there exists k such
that d = 2kp + 1.

If d is not prime then d is product of several prime divisors of 2P — 1 which equal to 1 modulo 2p, so d
also equals to 1 modulo 2p.

p = 3k + 2. Prove that for any a equation 2® = a (mod p) has exactly one solution (Note: use generator
modulo p).

Solution. You can use generator modulo p to easil%/ provthhat, but let’s do the following. If 23
(mod p) then using Fermat’s little theorem we get a3 = 298" = (3k+1. p71)3k = 773k = p=3k+3k+1
(mod p). It means that value of z is clearly defined by value of a3k,
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Let f(n,k) =#{d=Fk...n|n:d}. Find £(1001,1) + f(1002,2) + ...+ £(2000,1000).

Solution. For z = 1...1000 number z can be used in calculation of f(1001, 1), f(1002,2),... f(1000 +
x,z). Exactly one of {1001,1002,...,1000 + z} is divisible by z, so every x adds 1 to the required sum.

Every y = 1001 ...2000 adds 1 to the sum (in component f(y,y — 1000)).
Higher numbers do not add anything, so the answer is 2000.

Let aq,...,a10 be distinct positive integers. Let M = {a1,...,a19,—a1,...,—a1o}. Prove that there exists

nonempty S C M such that Vi : {a;, —a;} ¢ S and > x:1001.
zes

Solution. Let M’ = {ay,...,a10}. Note that there are exactly 1024 subsets of M’, so there exist distinct
subsets S7 and Ss such that sum(S;) = sum(S2) (mod 1001).

Also sum(Sy \ S2) = sum(Sy) — sum(S; N S3) = sum(S2) — sum (S N Se) = sum(Sy \ S1) (mod 1001).
Let S1 =51\ Sz and S5 = S5\ Sy then sum(S]) = sum(S%) (mod 1001) and S5 NS5 = 0.

Let S = 51 U{—z|x € S5}. Obviously such S suits conditions in the statement.
Positive integer n is called Carmichael (or Fermat pseudoprime) number if Va : a™ — a i n. Prove that n
is Carmichael number iff for all prime divisor p of n: p?>fn and p—1|n — 1.
Solution.
e If n is Carmichael number then p? { n. Assume that n i p?. And if @ = p then @™ — a is divisible by
p but not divisible by p?, so a™ — a is not divisible by n.

e If n is Carmichael number then p — 1 | n — 1. Let g be generator modulo p and a = g. Then ¢" =g
(mod n) and ¢! =1 (mod p). Then n —1:¢(p) =p — 1.

o If p?tn and p—1 | n — 1 then n is Carmichael number. Let’s fix any a and prime divisor p of n. If

n—1 n—
a is divisible by p then a™ — a is divisible by p, otherwise a" ! —1 =P~ 17T — 1 = 1571 —1=0
(mod p) and a™ — a is divisible by p too.

For any prime divisor p of n we got that a™ — a is divisible by p. Then a™ — a is divisible by product
of all distinct prime divisors of n and if all prime divisors of n are distinct then a™ — a is divisible by
n.

Prove that for any n > 1 number 3" — 1 is not divisible by 2™ — 1.

Solution.

e If n is even then 3" — 1 is not divisible by 3 and 2" — 1 = 4% — 1 is divisible by 3, so 3" — 1 is not
divisible by 2™ — 1.

e If n is odd then let’s use Jacobi symbols. Assume that 3™ —1:2™ — 1:

= () () ~ ()~ () - ()

The last equation is correct since n is odd. Using Gauss quadratic reciprocity for Jacobi symbols we

get:
(559) = (552) () o=

So we got a contradiction.

d

(Kummer’s lemma). Given a, b and p. Let k1 be maximum d such that Cg, i p®. Let k2 be number of

carryings in process of addition in columns of numbers a and b in numeral system with base p. Prove that
k1 = ko.

Hint. Prove that both k; and ks equal to the following:

2|5 ][ - [

n=1



https://en.wikipedia.org/wiki/Jacobi_symbol
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Someone calculated pairwise ged of 10 positive integers. Is it possible that 45 resulting values equal to
1,2,3,...,457

Solution. How many numbers of initial 10 integers are divisible by 177 Both cases give us a contradiction.

e If at most two of them are divisible by 17 then their ged equal to 17 (or 34) and ged 34 (or 17) can’t
be obtained.

o If at least three of them are divisible by 17 then there are at least three pairs of numbers such that
their ged is divisible by 17, but we have only 17 and 34.

You are given a multiset S of 101 integers. It is known that Vz € S: 351,52 C S: |S1| = |S2| = 50,

S1NSy=2,5USU{z}=Sand > y= > z. Prove that all numbers in S are equal. (Bonus: try
YyESL zE€Sy

to prove it if S consists of real numbers, not integers)

Solution. Let’s call multiset M good if M has property from the statement. We are given that S is good.

Assume that not all numbers in S are equal. Note the following;:

o If we add any positive integer to all the numbers from S then S is still good. After this operation
not all numbers in S are equal.

e If we multiply all the numbers from S by the same nonzero multiplier then S is still good. After this
operation not all numbers in S are equal.

e For any © € S: sum(S) = z+sum(S\{z}) = x+sum(S1) +sum(Sz) = z+2 sum(S3) =z (mod 2),
so the numbers in S have the same parity.

Let’s add to the all numbers of S value 1 — min(S). Then all the numbers in S are positive integers and
min(S) = 1. Built a sequence of multisets:

e Sy =S5. Note that min(Sp) =1, so all the numbers in Sy are odd.

e S} is obtained from Si_; by adding 1 to all the numbers from Sj_; and multiplying it by % If all the
min(Skp—1)+1
2

numbers in Si_; are odd then all the numbers from Sy are integers and min(Sy) =
11 =1, so min(Sk) =1 and all the numbers in S, are odd.

Let my, = max(Sk). Note that mg > min(S) = 1 because not all numbers in S are equal. If my_1 >
min(Sg_1) = 1 then my = L“’;H > % =1=min(Sk). Also my = m’“*zﬁ'l < m’“’lgm"'*l
my, is strictly decreasing sequence of positive integers greater than 1.

= Mg—1, SO

If n = myg then such sequence can’t be larger than n — 1 elements, but this sequence is infinite. It gives
us a contradiction and all the elements of S are equal.

Bonus hint. One can easily prove the same for multisets of rational numbers: it is enough to multiply
all the fractions from multiset by their common denominator to make them integers. After that one
can reformulate the goodness of multiset by building system of linear equations and noticing the rank of
resulting matrix. After that one can use that value of rank does not depend on whether we consider this
matrix as matrix with rational entries or as matrix with real entries.

Find all n such that n? + 3 : ¢(n).

Solution. You can find solution here| at the second page.

Does there exist a field such that its multiplicative group is isomorphic to its additive group?

Solution. You can find solution here| at the first page.


https://vjimc.osu.cz/storage/uploads/j26solutions1.pdf
https://www.imc-math.org.uk/imc2018/imc2018-day1-solutions.pdf

