Theorem (Jensen’s Inequality). For a convez function f holds f(tx1+ (1 —1t)za) < tf(x1)+ (1 —1t)f(x2)
for all t € [0,1].

Theorem (Cauchy-Schwarz’s Inequality). If f, g : [a,b] — R are integrable, then

b 2 b b
[t@@a) < | [Pow)| [fow),
with equality when |g(z)| = c- |f(x)]
1. Prove that fo f+2 - < 0.8.

2. Prove that the following inequality holds for all > 1, [ Li“ dt > \/ln2 x+ (x —1)2.
1

3. Consider a € Ry and the convex function f : [0,a] — R with f(0) = 0. Prove that [ f(z)dz >
0

C

@ [ f(x)da for all ¢ € (0,a).
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4. If f:[0,00) — R is a convex function and a, b, ¢ > 0, show that: [ f(z)dz + [ f(z)dz + [ f(z)dz +
0 0 0
a+b+c a+b a+c b+c
[ f@)de> [ fle)de+ [ f(z)dz+ [ f(z)dz
0 0 0 0
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5. Let f:[0,1] — R be concave and f(0) = 1. Prove that %fxf(:n)d x)dr — 3

O;.n—t

- 2
6. Prove that if f:[0,00) — R is continuous and satisfies the inequality 2015 ff2 t)dt < <f JiQ) dt) ,
0
then f(z) =

7. Let fi,fo,..., fn : [0,1] — (0,00) be continuous functions and let o be a permutation of the set
n 1 n 1

{1,2,...,n}. Prove that [] [ ffi_(f;) dz > 1] [ fi(x)dz
i=1p "7 i=10

8. Let f :[0,1] — R be a function with a continuous derivative f’. Prove that if f(

gl” 2dx>12<ff )2.

%) = 0, then

1 1
9. Let f € C0,1] with ff (t)dt = 0. Prove that ff (t)2dt < 3 [ f'(t)*dt.
0
10. Let F={f:]0,1] — [0 00 ‘f - contlnuous} and let n > 2 be a positive integer. Determine the least
real constant ¢ such that f f(/z)dx <c f f(z)dz for every f € F.



